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Abstract 

The adaptive 3t,-control problem for parameter-dependent nonlinear systems with full in- 
formation feedback is considered. The techniques from dissipation theory as well as the vector 
and parameter projection methods are used to derive the adaptive 8,-control laws. Both of 
the projection techniques are rigorously treated. The adaptive robust stabilization for nonlinear 
systems with La-gain hounded uncertainties is investigated. 

1 Introduction 

The %,-control problem for dynamlcal systems with external distmbances is to desigr, feedback 
controllers which make the resulting systems to have small La-gains (or %,-norms for linear sys- 
tems) such that the external disturbances are attenuated [9, 8, 39, 4, 36, 3, 13, 181. In this paper, 
the %!,-control problem for nonlinear systems which additionally depend on unknown parameters 
is considered by the use of adaptive control schemes with full information feedback. 

It  is known from dissipation theory that a dynamics1 system has bounded Cz-gain if the system 
is dissipative in some sense (which will be made precise in the body) [37]. Therefore, essentially, 
the %!,-control design requires designing controller such that the resulting closed loop system is 
dissipative, and correspondingly there exists a storage function 118, 31. In this paper, we will deal 
with the adaptive '74,-control problem using dissipation theoreticai techniques. Our starting point 
for solving adaptive %,-control problem is that the corresponding deterministic problem, where 
the parameters are known, has parameterized solutions. Therefore, if the parameter is known, then 
the existence of Xm-control soiutions is equivalent to the existence of parameterized feedback con- 
trollers such that the resulting pan-ameterized system is dissipative, which is characterized in terms 
of the solutions of parameter-dependent Hamilton-Jacobi inequalities. This kind of control scheme 
has a gain-scheduling interpretation [24,20,6, 11. However, if the parameters are unknown, then the 
parameterized controller can no longer be used. We instead need to design a parameter estimation 
mechanism to adjust the parameters for implementation of the parameterized controller (possi- 
bly modified). To achieve adaptive %,-performance, both the parameterized controller and the 
parameter-adjustment mechanism are designed properly such that the augmented system, whose 
states include the states of plant and parameter-adjustment mechanism, is dissipative; correspond- 
ingly, there exists a storage function for the resulting adaptive '&-control system. In fact, in 
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this paper, the storage function is explicitly constructed by the use of similar techniques in the 
Lyapunov design of adaptive controller [26, 15, 29, 38, 171; both the parameterized controller and 
the parameter-adjustment mechanism are then naturally constructed. This constructive approach 
gives sufficient conditions for the adaptive %,-control problem to have solutions. The similar 
approach is also used to address the adaptive robust control problem for a nonlinear uncertain 
systems with &-gain bounded dynalnical uncertainty, where the objective is to design an adaptive 
robust controller such that the resulting uncertain system is robustly asymptotically stable. 

In applications, the unknown parameters of the parameterized plants are usually bounded. In 
this paper, it is assumed that allowable parameter sets are compact and convex, but not necessarily 
smooth, for instance, a cube in the parameter space. During the adaptation, one of the requirements 
is that the parameter-adjustment mechanism of an adaptive control system keep the adjusted 
parameters in the parameter sets so as not to invalidate the solvability conditions. In this paper, 
both vector and direct parameter projection techniques are used to achieve this goal. The vector 
projection, which was originally introduced as a gradient projection method to generate the feasible 
directions in constrained optimization [32, 211, is probably the most extensively used projection 
technique in adaptive parameter estimatioii and adaptive control [10,29, 28,22, 11, 171. fiowever, in 
these cases, the projections are considered only for smooth sets. In this paper, we will generalize the 
vector projection to a more general setting such that the non-smooth parameter sets are allowed. 
The direct parameter projection is relatively new in adaptive control (another version appeared 
in [7]). It will be seen that this technique is suitable for the adaptive control problems where 
integral performance specifications are involved, in particular adaptive %,-control problem. The 
two projections not only play a very important role in adaptive control problems, but also are of 
iiiterest in their own right; in this paper, they are treated in detail using techniques from non-smooth 
analysis and viability theory [2, 311. 

Other work related to the adaptive %,-control includes, for example, parameter-estimation 
based approaches by Krause e t  al. [16] and Basar e t  al. [5], a game-theoretical approach by 
Didinsky-Basar [7], a Lyapunov design approach by Yang e t  al. [38], a back-stepping approacll 
by Pan-Basar [25], and a problem with finite parameter set by Rangan-Poolla [30]. In this paper, 
+L,, bllr. , m , ~ , n : o  GIILpLIUnI~ is . the zse ~f both d i ~ ~ i p t i t i ~ i ~  a i d  projectioii techniques; the existence of adaptive 
%,-controllers are characterized in terms of solutions of parameter-dependent Hamilton-Jacobi 
inequalities, and the adaptive controllers are constructed. The organization of this paper is as 
fol!cws. In Section 2, the parameterized 74,-contro! desig'n for parameterized systems is considered. 
The material serves as a review of deterministic %fl,-control results where the emphasis is on its 
connection with dissipation theory; it is also preliminary for later discussions. In Section 3, both 
the vector and the direct parameter projections techniques are rigorously treated with respect to 
compact, convex, but possibly nonsmooth parameter sets. In Section 4, an adaptive %,-control 
problem is stated. In Section 5, the solutions for the adaptive %,-control problem are derived 
for two cases, i.e., when the original storage functions are independent of and dependent on the 
parameters respectively. Both vector and direct parameter projection techniques are used in the 
derivation of adaptive control laws. The stability and asymptotic property for the adaptive 3-1,- 
control systems are discussed. In Section 6, the adaptive robust stabilization problem for a nonlinear 
uncertain system with &-gain bounded dynamical uncertainty is addressed. In Section 7, a simple 
illustrative example is provided, and some comments follow. 



2 Parameterized %,-Colldrol Design 

In this section, we will consider the ?dm-control design of parameterized systems when the parame- 
ters are constant and known. We will design a state-feedback control scheme where the control gain 
also depends on the parameters. This parameterized %!,-control scheme gives a gain scheduling 
interpretation; the implementation of such controllers requires that the parameters be available to 
the control during system operation. The material in this section also serves as a review of the 
%!,-control results for deterministic systems. We will emphasize its connection with the dissipation 
theory [37]. 

2.1 &-Gains and Dfssipativity 

In this subsection, we will review some results about the &-gain analysis of a dynamical system; in 
particular, its relation to the dissipativity of the system is investigated. This issue is also discussed 
in [36, 181. 

Consider the following affine nonlinear time-invariant system: 

where x E R" is the state vector, w E RP and z E Rq are the input and the output vectors, 
 respective!^. V?e wi!! assume f ,  3, h,  k E c2, and f (0) = 0, h(0) = 6. Tlicrefore, 0 E Rn is the 
equilibrium of the system with w = 0. The state transition function 4 : R+ x Rn x ,L;(RS) + Rn 
is so defined that x = 4(T, xo, w*) means that the given system evolves from initial state zo to state 
x in time T under the input w* E C5(RS). k system is reachable from 0 if for all x E X, there 
exist T E R+ and w*(t) E L2[0, T] such that x = 4(T, 0, w*). The following definition of nonlinear 
&-gains is standard [36]: 

Definition 2.1 T h e  g iven  s y s t e m  (1) i s  said to have  La-gain less t h a n  or equal to  y if 

for all T > 0 a n d  w(t) E Lz[O, TI. 

Note that in the above definition, we take the initial state x(0) = 0. In the following, we will 
consider a system with &-gain bound normalized as 1. It is known that a system having &-gain 
less than or equal to 1 is dissipative with respect to the supply rate ~lw(t) 1 1  - I I Z ( ~ )  / l a  [37]. Therefore, 
the system has La-gain less than or equal to 1 if and only if there exists a non-negative function 
V : Rn+R+ such that the following dissipation inequality hold, 

any function V is called a storage function [37]. Define a function V, : Rn+R 

note that V,(x) > 0 for all x E X. Moreover, we have the following Willems' Lemma [37, 181 



Lemma 2.2 (Willerns9 Lemma) Consicler system (1); suppose it  i s  reachable from 0. Then i t  
has &-gain 5 1 if and only if Va(x) < CO, for all x E X. Moreover, V,(x) is a storage function, 
and for all storage function V satisfying (2), V(x) 2 Va(x) for all x E Rn. 

Next, we consider the nonlinear system (1) with the input-affine structure. Given a 6' function 
V : Rn+R, suppose R(x) := I - kT(x)k(x) > 0 for all x E Rn; define 

av 
X(V,x) := z(x)(f (x) +g(x)R-'(x)kT(x)h(x))+ 

Suppose the system (1) has &-gain 5 1. If a storage function is differentiable, then it satisfies 
the Hamilton-Jacobi inequality: X(V, x) 5 0. In particular, if the storage function defined by (3) 
is differentiable, then the equality holds, i.e., X(V,, x) = 0. 

The following proposition characterizes sufficient conditions for a nonlinear system with input- 
affine structure to have &-gain < 1. 

Proposition 2.3 Consider the given system ( I )  with ?d(V, x) defined as (4). Then 

where w*(z) := R-'(x)(kT(x)h(z) + igT(x) %(a)). I n  particular, if V(x) > 0 with V(0) = 0 
satisfies Hamilton-Jacobi inequality: X ( V ,  x) 5 0, then G has Ln-gain 5 1. 

2.2 Parameterized State-Feedback 31,-Control 

Parameterized ?dm-controllers are parameter-dependent, and have a gain scheduling interpretation. 
The standard block diagram for for such control system is illustrated in Figure 1, where G(6) is the 
parameterized plant and K(6)  is the parameterized controller; both G(0) and K(0)  are dependent 
on the same parameter 8; w is the vector of exogenous disturbance inputs and u is the vector of 
ca&rQ! inputs; z is the the vector =f =utputs t= be regu!ated; and y is the vector of iiieasiired 
outputs based on which the control action is generated. 

In this section, G(6) has the following state-space realization where the disturbance w enters 
the system in an a,Ene form: 

where f ,  g,  h, k E cO, 6 E O C RT is the scheduled parameter which is assumed to be constant, and 
f (0,0, 8) = 0, h(O, 0, Q) = 0 for all 6 E O; x,  w, u, x, and y are state, disturbance, control input, 
regulated output, and measured output vectors with dimensions n, p l ,  p2, 41, and q2, respectively. 
In the gain scheduling design in this section, we assume the controller has access to the state x and 
the parameter 6. The admissible state feedback set is defined as 

K: = { F  : Rn x O+RP21F E cO, F(0 ,Q)  = 0,VB E O) (6) 

We have the following control problem. 



Figure 1: Gain-Scheduled '?dm-Control System 

Definition 2.4 (Parameter ized '?dm-Control Problem)  Find a static state-feedback controller 
K E K if any, such that the closed-loop system has &-gain 5 1, i.e., 

for all T E R+ and 0 E O. 

From the discussion in the last subsection, to solve the %,-control problem, one needs to find 
a parameter-dependent state-feedback controller u = F(x ,  N) E K: such that the closed loop system 
is dissipative with respect to the supply rate llw112 - 1 1 ~ 1 1 ~ ;  in particular, it is sufficient that there 
exists a storage function V : Rn x O+R+ continuously differentiable with respect to both 0 and x 
such that with the feedback F(z, N ) ,  the following dissipation inequality holds: 

for all w E L2 [0, m) and 6 E O. 
Thus, the 'A!Ft,-control problem hcts solution if for all @ E 9, the following inequality holds. 

av 
min sup {%(x, Q)(f (I, U,  $1 + ~ ( 5 ,  0 ) ~ )  + I I Z ( ~ )  l 2  - llw(t) 1 1 2 }  5 0 
u E K  wELa[O,w) 

Suppose R(x,O) := I - kT(x,0)k(x,6) > 0 for all 6 E O and x E Rn, thcn the standard 
manipulation in proposition 2.3 shows that the optimization problem on the left hand side of (9) is 



If the above minimizatioii problem with respect to u E K: has a solution u = F ( z ,  0), and the 
minimum of (10) is less than or equal to 9 for all x E Rn, then the state feedback %,-control 
problem has solution. This observation is summarized as the following proposition. 

Proposition 2.5 The  state feedback parameterized X,-control problem has a solution if there exist 
u CO function F : Rn x O-+RP2 with F(O,8) = 0 for all 0 E O and a 6' function V : Rn x O+R+ 
t o  the following Ha,milton- Jacobi inequality 

+(h(x, F ( z ,  0), 6 ) T ( ~  - k(x, 8)kT(2, 6))-'(h(z, F (z ,  O ) ,  6) < 0. (11) 

A parumeterized stute feedback controller is given by u = F(x ,  0). 

The parameterized X,-control scheme can be conveniently implemented once the control action 
u has access to the parameters during system operation. However, in many applications, the 
parameters are not available to the control action. Therefore, one needs to design a controller 
which combines the parameter-dependent controller and parameter adjustment mechanism. This 
results in the a,daptive control scheme, which is the fecus of the next few sections. In the adaptive 
31,-control, a very useful technique is parameter projection. As it is also of interest in its own 
right, the next section is entirely devoted to the treatment of projection techniques, including vector 
projection and direct parameter projection. 

3 Vector and Parameter Projection Techniques 

In this section, we deal with the vector and direct parameter projection techniques using the 
techniques from nonsmooth analysis and viability theory [2, 311. Both projection techniques will 
play a very important role in the adaptive %,-control design. The material presented in this 
section is also of interest in its own right. 

3.1 Invariance and Gont ingent Cone 

Consider a differential equation: 

where f : Rn x RS+Rn is continuous in z and measurable in t. Suppose for all xo E Rn, the 
differential equation has a unique solution starting from x(0) = zo defined for t E RS. A set 
X c Rn is a invariant set of (12), if for all zo E X, its solution will stay in the set X for all t .  It is 
known that X is an invariant set, so is its closure X. 



Given a compact set K c Rn, we next examine when the set is invariant for the differential 
equation (12).  The invariance is characterized in terms of contingent cones [2]. The contingent 
cone to I( is well defined as a set-valued map TK : K r-t X: 

TK ( x )  : = {v 1 lim inf 
d ~ ( x  + hv) 

h - t O +  h 
5 0 ) .  

where d K ( x )  := infZEK IIx - zll. For all x  E K, the value T K ( x )  is a closed cone. In this following, 
we are concerned with only the convex sets. 

Suppose K is convex and 0 E I N T ( K ) .  The Minkowski function of M  is defined as (see, e.g., 

[all ) 

Q K ( x )  =inf{X E R' : x  E X K ) ;  

e.g., if a convex set is induced by a set of linear inequalities: 

M  = { x  E Rn : Aix  5 1, i = 1 , .  . . , s), 

then 

Q K ( x )  := max { A j x } .  
l<i<s 

Given r 2 0, we define the set K, as 

K, := { x  E R" : ~ J ~ ( X )  5 r ) .  

Then K  = K1. The Minkowski functions of convex sets are convex, but not diffcrentiable in general 
[21]. The contingent cone to a convex set can be represented in terms of the subgradient of its 
Minkowski function: 

where 3 denotes subgradient [31]. The contingent cone to a convex set is a lower semi-continuous 
set-valued map on K with closed convex value [2]. The following lemma provides a more explicit 
representation of contingent cones to convex sets [31]. 

Lemma 3.1 If K is convex, then 

T K ( x )  = { y  : 3 t  > 0 : x + t y  E K ) .  

Another useful notion related to a convex set is its normal cone. If K C Rn is convex, then we 
can define its normal cone as follows: 

T N K ( x )  = { z E R n  : 1 ~  ~ 5 0 ,  V Y E T K ( X ) )  

Therefore, N K ( x )  = ( 0 )  if x  E I N T ( K ) .  

To conclude this subsection, we give following result about the invariance [34, 191. 



Proposition 3.2 Given a convex compact set K C Rn7 it is  an  invariant set of diferential equation 
(12)  if and only if for all x E K, 

for all t E R+. 

Therefore, the invariance of a set can be cllaracterized by its contingent cone. Given a convex 
and compact set K C Rn, the solutiolis of differential equation (12) are not necessarily always 
constrained inside the set K. I-Iowever, in adaptive control problems, we usually require some 
parameters, which are governed by differential equations, stay inside given sets during the evolution 
(see Sections 5 and 6), and some properties still be satisfied. In the following two subsections, we 
will introduce two projection methods to achieve this goal. 

3.2 Vector Projection 

Vector projection technique is introduced by Rosen 1321 for constrained optimization (see also 
[21j). It is also widely used in the adaptive parameter estimation and adaptive control (see e.g., 
[ lo,  29, 22, 111). In the following, it is generalized to a non-smooth case using the techniques 
reviewed in the last subsection. 

Consider the convex and compact set K C Rn and its Minkowski function QK. We first define 
the projection of a vector y E Rn at a point ..i: E Rn on the contingent cone TK(x) as follows: 

( y  i f x E I ~ ~ ( K ) o r y ~ T ~ ~ ( x ) ;  
if y E &, (x);  

T 
Y vv otherwise, where v = a r g r n a ~ { ~ ~ ' v ~ l v ~  E T',.(x), ( l v o ~ ~  = 1). 

(16) 

where r = \DK(z). We have the following theorem. 

Theorem 3.3 Given a convex and com,pact set K C Rn7 the projection is  defin,ed by (161, then we 
have the following assertions: 

( i )  pK(z,  y) E TK (x) for all x E K a.nd y E R". 
( i i )  l l ,u~(x,  y)II < llyll for all z E K and y E Rn. 
(iii) (x - x*jT(,uK(x, y )  - y j  5 O for x* E K, x E K, and y  E R". 

(iv) Consider the system (12) under the above projection: 

then the set K is  a n  invariant set for the projected system. 

Proof Given x E K and y E R". 

(i) If x E INT(K) or y E TK(x), then , u ~ ( x ,  y) = y  E TK(x); if y E NKT(z),  then pK(x, y) = 
0 E TK (x). We only need to show the last case. In fact, as v E TK (x) and yTv 1 0, then 
PK(X,Y) = (yTv)v E TK(x). 

(ii) As the inequality is satisfied trivially in the first two cases, we only need to show the case 

when PK(X, Y)  = yTvv. Indeed, I P K ( X ,  y)/l = 11 Y v 11 L IIvlI lIv11 = ll~ll. 



(iii) If x E INT(K) or y E TK(x), then p ~ ( x ,  9) = y, so (x - ~ * ) ~ ( p ~ ( x ,  y) - y) = 0. Now we 
coiisider the other cases. 

Notice that, for all x* E K, as x + (x* - x) = x E K, then x* - x E TK(x) by Lemma 3.1. So if 
y 4' EK (x),  then by the definition of normal cone, 

(X - ~ * ) ~ ( ~ K ( x , y )  - 3 )  = (X* - 2)Ty 5 0. 

Otherwise, let's consider the case when pK(x, y) = yTvv. We first show that y - pK(x, y) E NK(x). 
From the definition of the projection, v = arg max{yTvoIvo E TKp (x), IIvO 1 1  = 1). Therefore, 

T y vv = arg min lly - x I I  
zETK(z) 

By the use of Theorem 1 in [21, p.691, we have 

for all z E TK(x). On the other hand, as TK (x) is a convex cone, so for all .u E TK(IC), then 
u + yTvv E TK (x); SO (18) implies 

T T (y - y T ~ ~ ) T u  = (y - y T v ~ ) T ( ~  + y  uv - y vv) 5 0. 

Therefore, y - ,uK (IC, y) E NK (2). Again by the definition of normal cone, 

(iv) As K is convex, then its Minkowski function QK is convex, so it is absolutely continuous. 
Now for any absolutely continuous function x( t)  that is a solution of (17) with x(0) E K, then 
q(t)  := SK(x( t ) )  is also absolutely continuous. It is sufficient to show x(t)  E M. Indeed, if it is not 
tme,  then there exists T > 0 ,  such that x(T) E KrL\M; so qK(x(T)) > 0. Suppose To < T is such 
that 

Therefore, x(To) E K as K is compact, so Q ~ ( x ( 0 ) )  5 1. Let t E (To, T )  be a point on R+ where 
both f (t) and p ( x ( t ) )  exist, then therc exists a(h) with lim,,,o = 0 such that 

Then 

';l(t) = lim Q ~ ( x ( t )  + hx(t) + ~ ( h ) )  - QK(x(t)) - - aQK ~ Q K  

h + ~ +  h ---(x(t))x(t> ax = - ( x ( t ) ) ~ ~ ( x l  ax f (2, t)) 

Notice that %(x(t)) E NKT (x(t)) where r = QK(x(t));  by the same argument as (i), we can show 

PK(X, f (5, t))  E TK, (x(t)). Thus1 

almost everywhere on [To, TI. Thus, 




























































