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Abstract 

This paper compares the Hamiltonian approach to systems with nonholonomic constraints 
(see Weber [1982], Arnold [1988], and Bates and Snyatycki [1992], Van der Schaft and Maschke 
[I9941 and references therein) with the Lagrangian approach (see Koiller [1992], Ostrowski (19961 
and Bloch, Krishnaprasad, Marsden and Murray [1996]). There are many differences in the 
approaches and each has its own advantages; some structures have been discovered on one side 
and their analogues on the other side are interesting to clarify. For example, the momentum 
equation and the reconstruction equation was first found on the Lagrangian side and is useful 
for the control theory of these systems, while the failure of the reduced two form to be closed 
(i.e., the failure of the Poisson bracket to satisfy the Jacobi identity) was first noticed on the 
Hamiltonian side. Clarifying the relation between these approaches is important for the future 
development of the control theory and stability and bifurcation theory for such systems. In 
addition to this work, we treat, in this unified framework, a simplified model of the bicycle (see 
Getz 119941 and Getz and Marsden [1995]), which is an important underactuated (nonminimum 
phase) control system. 
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1 Introduction 

T h e  General  Setting. Many important problems in robotics, the dynamics of wheeled vehicles 
and motion generation, involve nonholonomic mechanics. Some of the important issues are trajec- 
tory tracking, dynamic stabilty and feedback stabilization (including nonminimum phase systems), 
bifurcation and control. Many of these systems have symmetry, such as the group of Euclidean 
motions in the plane or in space and this symmetry plays an important role in the theory. 

In the last several years, several basic works have been done on both the Hamiltonian and the 
Lagrangian sides of the theory. Papers like Weber [1986], Koiller [1992], Bloch and Crouch [1992], 
Krishnaprasad, Dayawansa and Yang [1992, 19931, Bates and Sniatycki [1993], van der Schaft and 
Maschke [1994], Ostrowski [I9961 and Bloch, Krishnaprasad, Marsden and Murray [I9961 have laid 
a firm foundation for understanding nonholonomic mechanics with symmetry. 

Bates and Sniatycki [1993], hereafter denoted [BS], developed the Hamiltonian side, while Bloch, 
Krishnaprasad, Marsden and Murray [1996], hereafter denoted [BKMM], has explored the La- 
grangian side. Our aim is to establish links between these two sides and use the ideas and results of 
each to shed light on the other, with the goal of deepening our understanding of both points of view. 
We hope that it will aid related efforts such as extending the results of energy-momentum method 
for stability of relative equilibria and the theory of Hamiltonian bifurcations to nonholonomic me- 
chanics. In the spirit of [BKMM], we do many of the calculations in coordinates to help in the study 
of examples. 

We illustrate the basic theory with the snakeboard, the well known example treated in [BKMM]. 
We also treat a simplified model of the bicycle (introduced in Getz [I9941 and Getz and Marsden 
[1995]). This is an important prototype control system because it is an underactuated balance 
system. 

Outl ine of t h e  Paper. We begin in $2 by recalling some of the main results of [BKMM] and of 
[BS] in the general context of nonholonomically constrained systems. In that section, we establishing 
the precise link between them. The snakeboard example is begun in this section. 

In $3, we treat systems with symmetry and study the momentum equation, the reconstruction 
equation and the reduced Lagrange-d7Alembert equations from both the Hamiltonian and the La- 
grangian points of view. This clarifies which construction in [BS] corresponds to the momentum 
equation of [BKMM]. This section also continues the snakeboard example and treats the bicycle. 

Summary  of the Main Results. The main results of the present work are as follows: 

The precise relation between the constructions in the papers [BS] and [BKMM] are given. 



The reduced Lagrange-d7Alembert equations established in [BKMM] are shown to be equivalent 
to the reduced nonholonomic Hamilton equations implicitly given in [BS]. 

The relation between the constructions is illustrated with two specific examples, the snakeboard 
and the nonholonomically constrained particle. 

A simplified model of the bicycle is treated. 

2 General Nonholonomic Mechanical Systems 

Following the approaches of both [BS] and [BKMM], we first consider mechanics in the presence 
of homogeneous linear nonholonomic velocity constraints. For now, no symmetry assumptions are 
made; we add such assumptions in the following sections. 

In this section, 

1. we recall the basic ideas and results from [BKMM] on general nonholonomic systems: in 
particular, how to describe constraints using Ehresmann connections and how to write the 
Lagrange d7Alembert equations of motion using the curvature of this connection. 

2. We review the geometric structure of Hamiltonian systems with nonholonomic constraints 
from [BS], including a general procedure for finding the equations of motion for nonholonomic 
systems from the Hamiltonian point of view. 

3. We construct the geometric objects on the Lagrangian side corresponding to those on the 
Hamiltonian side using the Legendre transformation in the context of nonholonomic con- 
straints. 

4. We prove that these dual procedures gives us the same Lagrange d'Alembert equations as in 
[BKMM]. Since this proof is done in coordinates, it also provides a concrete coordinate based 
procedure for finding the equations of motion on the Hamiltonian side. 

5. We will use the Hamiltonian procedure to work out the example of snakeboard taken from 
[BKMM] . 

2.1 Review of the Lagrangian Approach 

We start with a configuration space Q with local coordinates denoted qi, i = 1, .  . . , n and a distri- 
bution D on Q that describes the kinematic nonholonomic constraints. The distribution is given by 
the specification of a linear subspace Dq c TqQ of the tangent space to Q at each point q E Q. 

In this paper we consider only homogeneous velocity constraints. The extension to affine con- 
straints is straightforward, as in [BKMM]. The extension to constraints nonlinear in the velocity is 
also not difficult, but it requires one to work on a higher tangent bundle, which we do not describe 
in this paper. 

The dynamics of a nonholonomically constrained mechanical system is governed by the Lagrange 
d'Alembert principle. The principle states that the equations of motion of a curve q(t) in configura- 
tion space are obtained by setting to zero the variations in the integral of the Lagrangian subject to 
variations lying in the constraint distribution and that the velocity of the curve q(t) itself satisfies 
the constraints; that is, q(t) E Dq(t). Standard arguments in the calculus of variations show that 
this "constrained variational principle" is equivalent to the equations 



for all variations 6q such that 6q E Dq at each point of the underlying curve q(t). These equations 
are often equivalently written as 

where Xi is a set of Lagrange multipliers (i = 1,.  . . , n), representing the force of constraint. Intrin- 
sically, this multiplier X is a section of the cotangent bundle over q(t) that annihilates the constraint 
distribution. The Lagrange multipliers are often determined by using the condition that q(t) lies in 
the distribution. 

In Bloch and Crouch [1992] and Lewis [1996], the Lagrange d'Alembert equations are shown to 
have the form of a generalized acceleration condition 

for a suitable affine connection on Q and the force of constraint X is interpreted as a generalized 
second fundamental form (as is well known for systems with holonomic constraints; see Abraham 
and Marsden [1978], for example). In this form of the equations, one can add external forces directly 
to  the right hand sides so that the equations now become in the form of a generalized Newton law. 
This form is convenient for control purposes. 

To explore the structure of the Lagrange dlAlembert equations in more detail, let {wa), a = 
1,. . . , k be a set of k independent one forms whose vanishing describes the constraints; i.e., the 
distribution D. One can introduce local coordinates qi = (ra, sa) where a = 1,. . . n - k, in which 
wa has the form 

where the summation convention is in force. In other words, we are locally writing the distribution 
as 

D = {(r, s, i, 9) E TQ I s + Azia = 0). 

The equations of motion, (2.1.1) may be rewritten by noting that the allowed variations 6qi = 
(6ra, 6sa) satisfy 6sa + A:6ra = 0. Substitution into (2.1.1) gives 

Equation (2.1.4) combined with the constraint equations 

gives a complete description of the equations of motion of the system; this procedure may be viewed 
as one way of eliminating the Lagrange multipliers. Using this notation, one finds that X = Xawa, 

d aL  aL where A,=  ;iZ.D -=. 
Equations (2.1.4) can be written in the following way: 

d DL, dL, ---- dL DL +B, + Aa C = - - ~ b  
d t  dfa drff " dsa a ~ b  a0 

where 

is the coordinate expression of the constrained Lagrangian defined by LC = LID and where 



Letting dwb be the exterior derivative of wb, a computation shows that 

and hence the equations of motion have the form 

This form of the equations isolates the effects of the constraints, and shows, in particular, that in 
the case where the constraints are integrable (i.e., d w  = O), the equations of motion are obtained 
by substituting the constraints into the Lagrangian and then setting the variation of LC to zero. 
However in the non-integrable case the constraints generate extra (curvature) terms, which must be 
taken into account. 

The above coordinate results can be put into an interesting and useful intrinsic geometric frame- 
work. The intrinsically given information is the distribution and the Lagrangian. Assume that there 
is a bundle structure KQ,R : Q --+ R for our space Q, where R is the base manifold and TQ,R is a 
submersion and the kernel of T,nQ,R at any point q E Q is called the vertical space V,. One can 
always do this locally. An Ehresmann connection A is a vertical valued one form on Q such that 

1. A, : TqQ --+ V, is a linear map and 

2. A is a projection: A(v,) = v, for all v, E Vq. 

Hence, TqQ = Vq @ Hq where Hq = kerA, is the horizontal space at q, sometimes denoted hor,. 
Thus, an Ehresmann connection gives us a way to split the tangent space to Q at each point into a 
horizontal and vertical part. 

If the Ehresmann connection is chosen in such a way that the given constraint distribution D is 
the horizontal space of the connection; that is, Hq = D,, then in the bundle coordinates qi = (r", sa), 
the map KQ,R is just projection onto the factor r and the connection A can be represented locally 
by a vector valued differential form wa: 

and the horizontal projection is the map 

(fa, Sa) I+ (fa, -A: (r, s)fa). (2.1.8) 

The curvature of an Ehresmann connection A is the vertical valued two form defined by its action 
on two vector fields X and Y on Q as 

B(X, Y) = -A([hor X, hor Y]) 

where the bracket on the right hand side is the Jacobi-Lie bracket of vector fields obtained by 
extending the stated vectors to vector fields. This definition shows the sense in which the curvature 
measures the failure of the constraint distribution to be integrable. 

In coordinates, one can evaluate the curvature B of the connection A by the following formula: 

d 
B(X, Y) = dwa (hor X, hor Y) -, 

dsa 

so that the local expression for curvature is given by 



where the coefficients B& are given by (2.1.7). 
The Lagrange d'Alembert equations may be written intrinsically as 

in which 6q is a horizontal variation (i.e., it takes values in the horizontal space) and B is the 
curvature regarded as a vertical valued two form, in addition to the constraint equations 

Here ( , ) denotes the pairing between a vector and a dual vector and 

As shown in [BKMM], when there is a symmetry group G present, there is a natural bundle 
one can work with and put a connection on, namely the bundle Q -+ Q/G. In the generality of 
the preceding discussion, one can get away with just the distribution itself and can introduce the 
corresponding Ehresmann connection locally. In fact, the bundle structure Q -+ R is really a "red 
Herring". The notion of curvature as a TqQ/Vq valued form makes good sense and is given locally 
by the same expressions as above. However, keeping in mind that we eventually want to deal with 
symmetries and in that case there is a natural bundle, the Ehresmann assumption is nevertheless a 
reasonable bridge to the more interesting case with symmetries. 

2.2 Review of the Hamiltonian Formulation 

The approach of [BS] starts on the Lagrangian side with a configuration space Q and a Lagrangian 
L of the form kinetic energy minus potential energy, i.e., 

where (( , )) is a metric on Q defining the kinetic energy and V is a potential energy function. We 
do not restrict ourselves to Lagrangians of this form. 

As above, our nonholonomic constraints are given by a distribution D c TQ. We also let V0 c T* 
Q denote the annihilator of this distribution. 

As above, the basic equations are given by the Lagrange d'Alembert principle. 
The Legendre transformation FL : TQ -+ T*Q, assuming that it is a diffeomorphism, is used 

to define the Hamiltonian H : T*Q + R in the standard fashion (ignoring the constraints for the 
moment) : 

H = (p, Q) - L = piQZ - L. 

Here, the momentum is p = FL(v,) = dL/dQ. Under this change of variables, the equations of 
motion are written in the Hamiltonian form as 

where i = 1,. . . , n, together with the constraint equations. 
The preceding Hamilton equations can be rewritten as 



where X is the vector field on T*Q governing the dynamics, 0 is the canonical symplectic form on 
T*Q, and TQ : T*Q -+ Q is the cotangent bundle projection. We may write X in coordinates as 
X = qidqi + pidpi. 

On Lagrangian side, we saw that one can get rid of the Lagrangian multipliers. On the Hamilto- 
nian side, it is also desireable to model the Hamiltonian equations without the Lagrange multipliers 
by a vector field on a submanifold of T*Q. We do this in what follows. 

First of all, we define the set M = PL(D) c T*Q, so that the constraints on the Hamiltonian 
side are given by 

 EM. 
Besides M, another basic object we deal with is defined as 

Using a basis wa of the annihilator Do, we can write these spaces as 

M = {p E T*Q I W~((WL)- ' (~ ) )  = O), (2.2.2) 

and 
3 = {u E TT*Q I (r;wa, u) = 0). 

Finally, we define 
W = F n T M .  

Using natural coordinates (qi,pi,qi,pi) on TT*Q, we see that the distribution 3 naturally lifts 
the constraint on q from TQ to TT*Q. On the other hand, the space M puts the associated 
constraints on the variable p and therefore the intersection 3-1 puts the constraints on both variables. 

To eliminate the Lagrange multipliers, we regard the Hamiltonian equations as a vector field on 
the constraint submanifold M C T*Q which takes values in the constraint distribution 3-1. Next we 
recall from [BS] how to construct these equations intrinsically using the ideas of symplectic geometry. 

A result of [BS] is that Ox, the restriction of the canonical two-form 0 of T*Q fiberwise to the 
distribution 3-1 of the constraint submanifold M, is nondegenerate. Note that is not a true two 
form on a manifold, so it does not make sense to speak about it being closed. We speak of it as a 
fiber-restricted two form to avoid any confusion. Of course it still makes sense to talk about it being 
nondegenerate; it just means nondegenerate as a bilinear form on each fiber of 3-1. The dynamics is 
then given by the vector field XR on M which takes values in the constraint distribution 3-1 and is 
determined by the condition 

XEA Qx =dHx (2.2.4) 

where dHx is the restriction of dHM to Id. We will be exploring the coordinate meaning of this 
condition and its comparison with the Lagrangian formulation in the subsequent sections. 

2.3 Lagrangian Side 

We now construct the geometric structures on the tangent bundle TQ corresponding to those on 
the Hamiltonian side from the preceding subsection and formulate a similar procedure for obtaining 
the equations of motion. By doing this, it will be easier to made comparision with the geometric 
constructions and analytic formulations in [BKMM]. 

First of all, we can define the energy function E simply as E = H o FL and pull back to TQ the 
canonical two-form on T*Q and denote it by 0 ~ .  

We define the distribution 
C = (TT~)-'(v) c TTQ, 



where I-Q : T Q  -+ Q. In coordinates, the distribution C consists of vectors annihilated by the form 
7;wa: 

C = { u  E T T Q  I (r;wa,u) = 0). (2.3.1) 

When C is restricted to the constraint submanifold 2) c T Q ,  we obtain the constraint distribution 
IC: 

I C = C n T D .  (2.3.2) 

Clearly M = FL(D)  and 'FI = TFL(IC). 
The dynamics is given by a vector field X K  on the manifold D which takes values in IC and 

satisfies the equation 
X K J  OK = d E K ,  (2.3.3) 

where ~ E K  and OK are the restrictions of dEv and OD respectively to the distribution K and where 
E D  and OD are the restrictions of E and OL to D. 

2.4 The equivalence of the Hamiltonian and the Lagrange-d7Alembert 
formulations 

The Lagrangian procedure on T Q  formulated in the preceding subsection act as a bridge between [BS] 
and [BKMM]. We can show the correctness of the Lagrangian procedure given above by (carefully) 
invoking the results of [BS] (generalized to arbitrary Lagrangians and with some gaps filled in), or 
by checking the methods against the results of [BKMM]. We choose the latter method. 

Theorem 2.1 Consider a configuration space Q, a hyperregular Lagrangian L and a distribution 2) 

that describes the kinematic nonholonomic constraints. The IC-valued vector field X K  on D given by 
the equation 

X K J ! d K  = d E K  (2.4.1) 

defines dynamics that are equivalent to the Lagrange d'Alembert equations together with the con- 
straints. 

Proof To keep things concrete and to provide additional insight, we shall give a coordinate based 
proof. Introduce local coordinates ( re ,  sa, f a ,  da) for T Q  as described earlier. Local coordinates for 
the manifold D are given by (r",  sa,  i " ) .  

Let us first compute dEv and X K  J OD. We claim that 

where LC = LID is the constrained Lagrangian. This is because E = $$$ - L and so restricting it 
to 2) we get 

- - dLc ." -r - L C .  
di" 

The differential of ED is then computed to be 

d2 LC d2 LC d2Lc b dLc 
dEv = iB------- dr" + fP------ d im + iP- dLc b ds - d r "  - -ds 

dra8i.P d i  " dip  dsbdfP dr" dsb 

- 
d2 LC - ,P- d2 LC d2 LC d f f f  - ?PA; ___ d2Lc 

dr" + fP- dr" + fP- (dsb + Aidr")  
dr a die di"ldiP dsbdfP dsbdio 
dLC -- d L  d L  

drQ + Ab,>dre - L ( d s b  + Ab,dre) 
dr dsb dsb 



As for O D ,  we have 

Qv = -d - dq2 (': 1 'D ') 
dLc d L  d L  

= d { (m + A;@) dre + adsb}  

= - - A - d ( $ ) A d s  b 

(go)  ( a L )  A drb A (dsb + ~ i d r ~ )  = -d 2 A d r P - d  ADS 

d2LC d2  LC - - -- d2Lc 
dr" AdrP - - d f a  A drP - 7 d s a  A drP 

d r a d f  d i f f d f P  dsadrP 
a~ aA; a 8Ai 

dra A drP - ----dsa drP - d A (dsb + ~ $ d r O )  
d i b  dr" d i b  dsa 

d2 L, a 2 ~ ,  8 ~ 8 ~ ;  + A; ------- - - - +A;-- 
dsadfP dSb dra 

dr" A drP 
d i b  dsa 

where there is a sum on all a,  p. 
Now we are ready to find the equations of motion. Any vector field X D  on D has the following 

coordinate form: 
x, = iaa,= + saasa + Y"d,a. 

Since X K  lies in the distribution IC, it is annihilated by the one-forms dsa + Azdr" and hence must 
be of the form 

xK = fad,= - A;fadsa + i.'"dfa, 

i. e., for the vector field X K ,  
i a  = -Aaf" ,  

a 

As for X K  _I Q K ,  we have 

This is because X K  1 QK is the restriction of X K  A QD to the distribution of IC and hence all the 
terms in OD which involve (dsb + A i d r P )  vanish. The same is true for dEv. 

Equating X K  _I OK with dEK and recalling that we have already obtained Sa  = -A;+", we get 
the following set of equations 



After simplification, we have 

which indeed gives the Lagrange d'Alembert equations in [BKMM]: 

Remarks. 

Here is another way of viewing the preceding theorem. Consider the following form of the equations: 

that is, 
(XHJ f im,u)  = ( ~ H M , u ) ,  

for all u E 'Ft. If we rewrite this in the form 

then on the Lagrangian side, this is nothing but 

where v E IC. With appropriate interpretations, this is equivalent to Lagrange d7Alembert principle: 

where w(6q) = 0. 

2.5 Example: The Snakeboard 

The snakeboard is a modified version of a skateboard in which the front and back pairs of wheels are 
independently actuated. The extra degree of freedom enables the rider to generate forward motion 
by twisting their body back and forth, while simultaneously moving the wheels with the proper 
phase relationship. For details, see [BKMM] and the references listed there. Here we will include 
some of the computations shown in that paper both for completeness as well as to make concrete 
the nonholonomic theory. 

The snakeboard is modeled as a rigid body (the board) with two sets of independently actuated 
wheels, one on each end of the board. The human rider is modeled as a momentum wheel which sits 
in  the middle of the board and is allowed to spin about the vertical axis. Spinning the momentum 
wheel causes a counter-torque to be exerted on the board. The configuration of the board is given 



by the position and orientation of the board in the plane, the angle of the momentum wheel, and 
the angles of the back and front wheels. Let (x, y, 8) represent the position and orientation of the 
center of the board, $I the angle of the momentum wheel relative to the board, and $1 and 4 2  the 
angles of the back and front wheels, also relative to the board. Take the distance between the center 
of the board and the wheels to be r .  See figure 2.5.1. 

Figure 2.5.1: The geometry of the snakeboard. 

In [BKMM], a simplification is made which we shall also assume in this paper, namely $1 = - 4 2 ,  

J1 = J2. The parameters are also chosen such that J + J o  + J1 + J 2  = mr2,  where m is the total 
mass of the board, J is the inertia of the board, J o  is the inertia of the rotor and J1, J2 are the 
inertia of the wheels. This simplification eliminates some terms in the derivation but does not affect 
the essential geometry of the problem. Setting 4 = 41 = -42,  then the configuration space becomes 
Q = SE(2) x S1 x S1 and the Lagrangian L : TQ --, R is the total kinetic energy of the system and 
is given by 

1 1 1 
L = -m( i2  + y2) + -mr202 + - ~ ~ q b ~  + ~ ~ 4 8  + ~ 1 4 ~ .  

2 2 2 

The Constraints. The rolling of the front and rear wheels of the snakeboard is modeled using 
nonholonomic constraints which allow the wheels to spin about the vertical axis and roll in the 
direction that they are pointing. The wheels are not allowed to slide in the sideways direction. The 
constraints are defined by 

- sin(8 - 4 ) i  + cos(8 - $)$ + r cos 40 = 0 (2.5.2) 

and can be simplified as 

Since the constrained Legendre transform PLID on the constraint submanifold D and its inverse 
are given by 
































































