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Abstract

Extending the concept of solving the Hamilton-Jacobi-Bellman (HJB) optimization equation back-
wards [2], the so called converse constrained optimal control problem is introduced, and used to create
various classes of nonlinear systems for which the optimal controller subject to constraints is known. In
this way a systematic method for the testing, validation and comparison of different control techniques
with the optimal is established. Because it naturally and explicitly handles constraints, particularly
control input saturation, model predictive control (MPC) is a potentially powerful approach for non-
linear control design. However, nonconvexity of the nonlinear programs (NLP) involved in the MPC
optimization makes the solution problematic. In order to explore properties of MPC-based constrained
control schemes, and to point out the potential issues in implementing MPC, challenging benchmark
examples are generated and analyzed. Properties of MPC-based constrained techniques are then evalu-
ated and implementation issues are explored by applying both nonlinear MPC and MPC with feedback
linearization.

1 Introduction

Determination of the optimal feedback law for nonlinear optimal control problems leads to the Hamilton—
Jacobi-Bellman (HJB) partial differential equations. These equations can be solved numerically for very
low state dimensions, but general methods do not exist which overcome the severe exponential growth in
computation as a function of the state dimension. Thus the HIB p.d.e. itself cannot be viewed as a general
practical method for nonlinear control design, and various alternative methods have been developed. These
methods generally give up the optimality of the HJB solution in favor of reduced computational complexity.
However, since the true optimal is not computable, there exists no systematic methodology for testing and
evaluation of those approaches, and no benchmark examples which allow for fair comparison between them.
To provide a better understanding of nonlinear control design and particularly the relationship between
some of the more popular nonlinear control design methodologies, a specific procedure for generating various
classes of nonlinear systems for which the optimal controller is known, based on the converse HIB (CoHJB)
approach, was proposed [2]. Since the CoHJB examples are constructed independently from the particular
nonlinear design method, they provide insights into the original optimal control problem and can be used
as benchmarks for the systematic evaluation and performance comparison of different techniques. Some test
cases which illustrate the ways in which one can analyze a given design methodology are presented in 12].
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Because it avoids solving the HIB equation, and, in addition, naturally and explicitly handles con-
straints, model predictive control (MPQC) is a potentially powerful alternative approach for nonlinear control
design. MPC replaces the exact global HIB formulation of optimality with a necessary condition using the
Euler-Lagrange formulation. While this approach is best-known for its use in off-line open loop trajectory
optimization, MPC uses a receding horizon to compute an on-line feedback law. While the Euler-Lagrange
formulation overcomes the exponential explosion of the HJB method, MPC requires substantial on-line com-
putation, which has tended to limit its application to control systems with very long sample periods and slow
dynamics. MPC, of course, also has the difficulty associated with all the alternatives to the HJB approach
in not guaranteeing a global optimum. A particular difficulty of MPC is that its on-line algorithmic nature
makes systematic analysis and evaluation of its performance problematic. While MPC has been applied
widely, there are few studies comparing its performance with alternative schemes.

In this report, the CoHJB method is extended to the constrained case and used to supply benchmark
examples of systems with constraints, where the optimal constrained control action is known. Referred to as
the (“converse constrained HJB method” (CoCHJB)), the underlying principle is the same as that behind the
CoHJB: starting with an optimal value function, and for a given performance objective, the HJB equation is
used to characterize the class of dynamics for which the assumed value function corresponds to the solution
of the optimal control problem subject to the imposed constraints. Systems constructed in this way not
only provide appropriate benchmarks for testing MPC, as well as other design techniques, but additionally
help to further our understanding of (non)linear constrained control design. In particular, the importance
of explicitly handling constraints in optimal control design is explored, demonstrating the efficiency of using
constrained MPC-based control schemes, as well as their relationship with other popular nonlinear design
methods.

2 Optimal and Converse Optimal Control
Consider the nonlinear system of the form!:
&(t) = f(2(t) + g(z®)u(t), f(0)=0 (1)

with x € ", u € ®™, and performance objective:
V(u) =/O (q(z(t)) + uT (H)u(t)) dt. 2)

Definition 1 Optimal Control Problem: Find o state-feedback control law v* = ®(z) such that the
performance objective (2) is minimized, subject to the nonlinear system dynamics (1).

As is well known, a standard dynamic programming argument converts the optimal control problem into the
Hamilton-Jacobi-Bellman (HJB) equation:

OV*(x) 10V*(x) 7, OV*T(z) _
B f(@) 4—'('9%—‘9(37)9 (z)——ar +q(z) =0 (3)
where V*(z) denotes the value function, given by:
Vi) =min [ (q(e(®) +u" (o) do (4)
0
Once the HIB is solved for V*, the optimal control is given by:
. 1 ovV*T(z)
ut = —EQT(@")T (5)

tTo make the exposition concise but without loss of generality, we only consider the case of no disturbances, so the only
uncertainty is the initial condition. The case with disturbances included is described in [2].



The HJB equation is difficult to solve analytically, in particular there is no efficient algorithm available
when the problem dimension is high. Thus reducing the optimal control problem to the HJB equation cannot
be viewed as a general, practical method.

However, by introducing the converse optimal control problem 2, which follows the basic idea of solving
the HJB equation backwards { “converse HJB method”), various classes of highly nonlinear systems with
possibly high state dimensions, yet for which the optimal controller is known can be constructed. In contrast
to the standard optimal control problem, the converse problem starts with an optimal value function, and
for a given performance objective uses the HJB equation to characterize the class of dynamics for which the
assumed value function corresponds to the solution of the optimal control problem.

Definition 2 Converse Optimal Control Problem (CoHJB): Given a performance objective (2) and
a value function V*, find the class of nonlinear systems (1) such that V* corresponds to the solution of the
optimal control problem (3). The optimal control law u* is then determined by (5).

Solving the CoHJB is equivalent to solving the HJB “backwards” with known value function V*. The
HJB (3) then becomes an algebraic equation in f and g, and in this way nonlinear dynamics and optimal
controllers may be generated. Note that essentially any nonlinear optimal control problem of the type de-
scribed above can be generated with this method. Unfortunately, this is not useful for actual design when f,
g, and g are given. However, since the optimal control is known, the CoHJB provides an efficient procedure
to validate the performance of different nonlinear control techniques.

It is important to note that the CoHJB is not a well defined problem for every choice of V* and ¢. The
following definition and theorem address the admissibility issue.

Definition 3 The pair (V*,q) is said to be admissible for the CoHJB problem if there exists a continuous
g and f, with f(0) = 0 such that f,g,V* and q satisfy the HJB (8). Furthermore, we define the set A to be
the set of all admissible pairs (V*,q).

Theorem 1 (V*,q) € A if and only if g can be factored into the product:

g=V;h, whereV) = 88‘; , (6)

for h € C, h(0) = 0.

Proof: The proof of this theorem will be given in section 5.1, as a special case of the Theorem 3, which
states the admissibility conditions for the CoCHJB method. [ |

In the following, the HJB equation and the CoHJB approach will be demonstrated on some representative
system descriptions [2].

2.1 Linear Systems

& = Az + Bu
If g(z) = 2T Qz and V*(z) = 27z, the HIB equation reduces to the Riccati equation
A+ AT -BBT +Q =0,
which yields,
A= %(—Q +BBY)+ S

where S is any skew matrix, (S + ST = 0). The optimal control is u* = —BTz.

2To avoid confusion with the inverse optimal control problem, usually concerned with finding for what cost function some
given controller for a given system is optimal, here we use the term converse problem.



2.2 1-D Systems

&= f(z) + g(z)u (7)
If g(z) = 2? and V*(z) = z?, the HIB equation is
Vi flz) — i(‘/}‘)ng(w) +z% =0.
Then,
@ = —3e- @)
u(z) = —glz)z

and the closed loop system is .
&= =501+ (@)

where g(z) can be any function.

Next, consider a slightly different converse problem. Let g(z) > 0 for all z € R, and suppose we require
u*(z) = —z to be the optimal solution. The question is for what nonlinear systems is this linear controller
optimal. Since the optimal state feedback is u*(z) = —%g(z)V,’, then

oV*(z) 2
oz g(z)

If we take g(z) = gz? with ¢ > 0, then the HJB equation is
2x z?

——f(z) = ——g*(z) — qz*.
@’ = P

This can be solved for f(z) = £(1 — ¢)g(z)z, and the closed loop system is given by & = —1(1+ q)g(z)=.

2.3 Nonlinear 2-D Oscillators

Consider the general form of 2-D oscillator:

{0z ®

&2 = f(z) + §(z)u,

with cost,
V= [ @+ ©)
0
For this system, the HJB equation can be written as,
* * f 1 * A
Wz + V5 f(z) — Z(V2 9(x))? +q(z) =0 (10)
where V* = Q%;—Ezl has been introduced for notational convenience.

Suppose that ¢(z) = 23 and V*(z) = 2? + 22, yields:

P 1
2zi29 + 222 f(x) = 1(2:1:2)25}2(3:) — 23,

Therefore 1
f@) = —z1 - 5372(1 - §%(z)).



The dynamics are

5131 = T9
&y = —z1 — 3x2(1 — §%(2)) + §(z)u,

and the optimal control, according to (5), is u*(z) = —§z..

An interesting example is §(z) = x1 which yields a Van der Pol oscillator with a stable but linearly
uncontrollable equilibrium at the origin and an unstable limit cycle. Other interesting nonlinear oscillators
can be constructed with other choices of § and nonlinear terms can be added to the “frequency” and so on

[2].

For the 2-D oscillator, a priori constraints on the nonlinear dynamics by insisting that #; = xo are
imposed. Thus, in order to assure the existence of the solution to the converse problem, V* and ¢ cannot
be chosen arbitrarily. According to Definition 3 and the discussion about admissibility given previously, the
admissible set A for the 2-D oscillator can be explicitly characterized by the following theorem.

Theorem 2 There exists a solution to the CoHJB problem for the 2-D nonlinear oscillator (8) for (V*,q) €
A , where A describes the admissible sets of V*’s and q’s such that (V*,q) € A if and only if:

———-————(Vl 2 -);q(m)) < oo, Vz (11)
Vs
and (Vi + a(z)
) Tr2+glT))
il_% v =0 (12)

If it is desired that f € C, f (0) = 0, solving the corresponding HIB equation (10) in terms of f yields:

v (Viws ()

; 1

From equation (13), it is clear that for continuous §, and V* € C!, we need:

f(O) — — Hm (Vi'za + q(x))

z—0 Vs =0

Furthermore, for f to be continuous, we would impose:

(Vi*zz + q())

v <o, Yz
2

Hence, for the 2-D oscillator, it only makes sense to consider V* and ¢ that satisfy the conditions (11) and
(12).

2.4 General Nonlinear Systems

Consider the following system
z = f(z) + g(z)u,
with z € R". Suppose ¢(z) = 27 Qz and V*(z) = 7 Pz with P > 0, so that

V(@) _qytp
Oz
The HJB equation is
227 Pf(z) — 27 Pg(x)g" (z) Pz + 2" Qz = 0. (14)



If
1(@) = 3(9()g" (@) P — P Q) + P~1(a)

with 7 : R = R*, 7(0) = 0 satisfying z7v(z) = 0 for all z € R", then (14) is satisfied. In this case, the
optimal control is u*(z) = —g7 (z) Pz. We can choose g(z) and v(z) to make the dynamics highly nonlinear,
yet the optimal V* is quadratic and the controller is known.

3 Optimality of Feedback Linearization

An additional usage of the CoHJB approach is that it allows for the characterization of nonlinear dynamics
for which a specified nonlinear control technique is optimal. Furthermore, this characterization can be used
to generate systems for which a certain technique is optimal.

Here we demonstrate the CoHJB approach by exploring the optimality of feedback linearization for 1-
D systems and the nonlinear 2-D oscillator. For a complete discussion on optimality of nonlinear design
techniques and general results involving feedback linearization as well as Jacobian linearization and other
nonlinear design techniques, see [5].

3.1 1-D Systems

Consider the 1-D type of system introduced in section 2.2 and described by (7), with g(z) = z2. It can be
easily shown [2] that a FL-based controller

1
up = —M[f(w) + k)

is optimal if and only if f(z) and g(z) satisfy the following relation:
Fz) = [ (0)]* +2°[¢*(z) - ¢°(0)] = 0. (15)

3.2 2-D Oscillators

Consider the general description of 2-D nonlinear oscillator introduced in section 2.3 and given by (8). Let
the cost be given by (9). A FL controller for the 2-D oscillator takes the form:

1 A
= —— k
Uy (@) (f(:L‘) + k121 + koxo) (16)
For this controller to be optimal, uz; has to be equal to u*, or equivalently

(@) + g+ haw) = 500V a7)

which gives,
N 2 .
§(z) = {,—*(f(m) + k171 + kaza) (18)
2

Substituting (18) in the corresponding HIB equation (10) yields,
* * 7 1 * 7
Viwe + Vo fle) = V5 2(f(2) + kizy + koas)) +¢(z) = 0 (19)
and according to (19), f(z) is given by,

f&) = by + ko = = (Vs + g(0) (20)
2



To find §(z), equation (20) is used to substitute for f(x) in (18), which results in,

P(@) = e (b + ko) — 5 (V' +9(a). (21)
& vy
Additionally, for the system to be globally feedback linearizable, it is required that §*(z) > 0.
Furthermore, the FL controller uy; must be designed so that the closed loop system is optimal in a
neighborhood of the origin, with respect to the linearized system. This means that k; and k2 must produce
the same closed loop as that of the LQR, solution for the linearized system. This can be achieved by requiring
that ky and k2 solve an appropriate Riccati equation. For details see [5].
Based on the previous discussion, the equations for generating systems for which FL is optimal can be
summarized as follows:

@) = o+ hass — o (a2 + (@) 2)
2
I e ) (23)

Equations (22) and (23) will be used to generate Example 2 in Section 8.1.

4 Constrained Optimal Control Problem

Consider the following nonlinear system:
&(t) = f(x(t) + g(z(B))u(t), f(0)=0 (24)
z € R*, u € R™, subject to input and state inequality constraints:
e(z,u) <0 (25)
with performance objective: -
V) = | () +u Wute) d (26)
where ¢ : R — R is CL.

Definition 4 Constrained Optimal Control Problem: Find a state-feedback control law u* = ®(x)
such that the performance objective (26) is minimized, subject to the nonlinear system dynamics (24) and
inequality constraints (25).

The constrained optimization problem (24)-(26) can be converted into an equivalent problem given by the

following HJB equation:
{ ovV*(x)

(@) + g(oh) + T o(2) (27)

subject to: e(z,u) < 0.

To solve the optimization problem (27), the first step is to perform the indicated minimization which

leads to a control law of the form:
ov*

u =1/1(67»$) (28)
The second step is to substitute (28) into equation (27), which becomes:
ov* T
5y (@) +9(@)9) +¢7d +q(2) =0 (29)



As described in the previous section, in the absence of constraints, the optimal control law (28) is given

by (5), and the corresponding HJB equation is (3).
In the constrained case, the optimal control law (28} is obtained by solving the Kuhn-Tucker conditions

[1] for the optimization problem (27):

V*(z) ez, u*)
*T T —
2u™ + o glz) + A ~n 0 (30)
Me(z,u*) =0 (31)
A>0 (32)

Here, )\ denotes the Lagrange multiplier.

Once the optimal control u* is found, substitution in (29) for ¢ results in the constrained version of the
HJB equation. As emphasized earlier, the HJB equation is a nonlinear partial differential equation which is
very hard to solve. The presence of constraints makes the optimal control problem even more difficult.

5 Converse Constrained Optimal Control Problem

Extending the original converse approach (CoHJB) discussed in section 2 to the constrained case, the so-
called “comverse constrained optimal control problem” is introduced.

Definition 5 Converse Constrained Optimal Control Problem (CoCHJB): Given a performance
objective (26) and a value function V*, find the class of nonlinear systems (24) such that V* corresponds
to the solution of the constrained optimal control problem (27). The optimal control law is then given by

(30)-(32).

The basic principle behind the “converse constrained problem (CoHJB)” [2] is to solve the HIB “backwards”
to generate an array of examples which have a known constrained optimal controller. In this way, insight into
the original optimal control problem is provided, and since the optimal constrained controller is known, a
systematic method for the testing, validation and comparison of different control techniques in the presence
of constraints is established.

First the conditions for a CoCHJB problem be solvable are defined and its solution is demonstrated for
single input systems with input saturation constraints.

5.1 Admissibility

In order the CoCHJB problem be solvable, a pair (V*,¢) has to be chosen according to the following
definition.

Definition 6 The pair (V*,q) is said to be admissible for the CoCHJB problem if there exists a continuous
g and f, with f(0) = 0 such that f,g,V* and q satisfy the HJIB (29). Furthermore, we define the set A to
be the set of all admissible pairs, (V*,q).

If we assume that ¢ is at least C and V* is at least C', then we have the following theorem concerning
admissibility [4].

Theorem 3 Consider the CoCHJB with saturation constraint, ||u)leco < . Then (V*,q) € A if and only if
q can be factored into the product:
qg=V'h (33)

T

for he C, h(0) = 0.



Proof: (=) Assume (V*,q) € A, then there exist a g and f, f(0) = 0 such that the HJB eq. is satisfied:
Vi(f +gu”) +uTu* +¢=0 (34)
where u* € C describes the optimal controller. Hence,
¢ = —(V7(f+gu") +uTur) (35)
VAT To* ) 36)

V(= (f +gut + 2L
(= AE

if —(f +gu*+ an—q;}‘;éﬁ) € C, then we are done since this is our desired h. To show that this is indeed the

case, consider two situations:
¢ Constraint Inactive: If the constraint is inactive, then A = 0 and the optimal control is given by:
1
U* — _EgTVz*T

in this case (35) is:
* 1 *
¢=V;(=(f - 799"V2")

4
Soh=—(f +gu*+ KﬁTVL”?—) = —(f — Lg9"V;") € C and using that V;(0) = 0 and (0) = 0 gives

h(0) = 0.

o Constraint Active: In this case, it is critical to note that it is impossible to have ¥} = 0 while any
of the constraints are active. This is a simple consequence of analyzing (30-32) when any element
of u is equal to o or —a. Hence we must have that V* # 0 or [|[V*]|? # 0. Then again we have

*T  «T %
(g + Sp) € C
Therefore, we have established that h = —(f + gu* + V—ﬂ;,—"*%“—*) satisfies the required properties.
(<) Assume g = V}'h, with h € C, h(0) = 0. For any g € C , let,

*TU*TU*

* Va}
f==(h+gu*+ T ) (37)

hence f € C, f(0) = 0 (Since u* = —2¢g7V;T in a neighborhood of u* = 0) and f, ¢,V and g satisfy the
HJB. Therefore (V*,q) € A. [ |

The above result can easily be extended to more general forms of constraints.

Theorem 4 Consider the CoCHJB with constraint c(z,u) < 0 such that V;; = 0 implies that c(z,u) < 0,
(i.e., the constraint is inactive whenever V. = 0). Furthermore, assume that c(z,u) is such that u* resulting
from the solution of (30)-(32) is continuous. Then (V*,q) € A if and only if q can be factored into the
product ¢ = Vh with h € C, h(0) = 0.

5.2 Single Input Systems With Saturation Constraints

Consider a nonlinear system (24) with scalar input u, and saturation constraint:

lul < a (38)



which is equivalent to:

c(x,u):[ ““O‘}

—U—

Then the constrained optimal u*, according to (30)—(32) is characterized by:

*

2u* + v

oz g+/\1-)\2:0

A(u* —a)+ A (v —a)=0
A1 >0

A2 >0

Solving the above equations for u* = 9( ‘96‘;* ,Z) leads to the following result:

Theorem 5 The optimal controller for o single input system (24) under saturation (38) is given by:

1 7 OV (2)
* = saty(—=g7 (z) ——=2),
u* = sata (5" (0)5)
where saty () denotes the saturation operator:
o z >
sata(z) =< =z —a<z2<a
- z2 < =
The corresponding HJB is given by:
av* *T %

(f+gu) T u () = 0,
Proof:
¢ Constraint Inactive: |[u*| < «

When A; = Xy = 0, equation (41) is trivially satisfied, indicating that the optimal u* does
not occur with the constraint active. Equation (40) becomes,

ov*
2u + 5 9= 0 (47)
allowing u* to be solved for explicitly as,
.1 pav+T
T (48)

e Comnstraint Active: u* = o

Here A; > 0, and Ay = 0, which is equivalent, by equation (41), to having v* = a. Then
equation (40) becomes:

ov*
2 AL =
o+ 507 +A1 =0 (49)
Since A; is to be strictly positive, (49) implies,
1 pov+T
—39 52 > (50)

which defines the region in which the control u* = « is optimal.

10



e Constraint Active: u* = —«

Here Ay = 0, and A; > 0. Equation (41) then states that u* = —a and equation (40)
becomes, -
-2 —A2=0 51
R (51)
Since Aq is strictly positive, it implies,
1 pov=T
—— - 52
29 oz < e (52)

A careful inspection of the arguments involved in the proof of Theorem 5 indicates that identical argu-
ments hold in the multi-input case. This leads to the following result.

Theorem 6 The optimal controller for a multi-input system (24) under the saturation constraint, ||ul/. < «,
is given by:

* 1 T 8V*T('T)
u* = sata(=59" (2)—5-), (53)
The corresponding HJB is given by:
66‘; (f + gu*) + uwTu* +q(z) = 0. (54)

Equation (54), when thought of in terms of f and g, can be used to characterize all possible solutions of
the CoCHJB. This is used later to generate illustrative examples for which the constrained optimal controller

(53) is known.
As a benchmark, we consider the single input 2-D oscillator subject to saturation constraints.

5.3 Benchmark: 2-D Oscillators

Consider the 2-D oscillator introduced in section 2.3 and described by (8), now subject to the saturation
constraint |u| < a. Choosing ¢(z) = z2, the performance objective (9) becomes:

Vi) = /O T+ ut)dt, (55)

The solution to the CoCHJB for the 2-D oscillator is derived according to the results described in Section
5.2. Assuming the known optimal value function V*, equations (44) and (46) yield the constrained optimal
control law for the 2-D oscillator:

1
ut = sata(—ggV;) (56)

and corresponding dynamics:
C(Bg+u)u +Vims +q

= (57)

f=

6 Constrained Nonlinear MPC Formulation

An MPC algorithm is conventionally formulated in discrete time by solving an on-line open loop finite
horizon optimal control problem at each sampling time k, respecting the following objective function 7:

P M—-1
. T
min 'El q(Trgs) + ‘EO Wjo iUkt (58)
== =
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