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Abstract 

Motivated by some recent results on the stabilization of homogeneous systems, we 
present a gain-scheduling approach for the stabilization of non-linear systems. Given 
a one-parameter family of stabilizing feedbacks and associated Lyapunov functions, 
we show how the parameter can be rescaled as a function of the state to  give a new 
stabilizing controller. In the case of homogeneous systems, we obtain generalizations 
of some existing results. We show that this approach can also be applied to non- 
homogeneous systems. In particular, the main application considered in this paper 
is to the problem of stabilization with magnitude limitations. For this problem, we 
develop a design method for single-input controllable systems with eigenvalues in the 
left closed plane. 
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The problem of stabilization with control limitations is crucial in many applications while, 
even for otherwise linear systems, it cannot be solved with standard linear techniques. For 
controllable linear systems subject to  magnitude limitations on the inputs, globally asymp- 
totically stabilizing feedbacks exist if and only if the open loop system has no eigenvalues 
in the open right plane. Under this assumption, several design methods have recently been 
developed (see e.g. [16, 17, 15, 10, 81 and the references therein). Although different in 
their approach and characteristics, all these methods rely on some kind of gain scheduling, 
i.e. the control can be viewed as a linear feedback with gains converging t o  zero as the 
norm of the state converges to  infinity. The difficulty of the control design is twofold: on 
one hand, the stability of the system must be preserved while rescaling the gains, on the 
other hand the rescaled controller must satisfy the control limitations. 
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Recently, in [9], M'Closkey and Murray have given a sufficient condition which ensures 
that  a smooth feedback (stabilizing a driftless control system of homogeneous vector fields) 
can be rescaled into a homogeneous feedback yielding exponential stability (for driftless 
systems, this latter property cannot be obtained with smooth feedback when the number 
of states is larger than the number of control vector fields). A similar approach was also 
developed independently by Praly in [12] for more general forms of homogeneity. In this 
paper, we extend this approach t o  general systems, i.e. not necessarily homogeneous. For 
homogeneous systems, we obtain some generalization of [9, Th. 41, but the main applica- 
tion that  we consider is to  the problem of stabilization with magnitude limitations. For 
single-input linear controllable systems, we design bounded feedbacks which ensure global 
stabilization of the controlled system. In this case, the controller is just a one-parameter 
family of linear controllers, with the parameter properly scaled as a function of the state. 
This gives a rather simple controller and requires very little on-line computation: only the 
scaling parameter is not explicitly defined as a function of the state. Also, the knowledge of 
an explicit family of jnon-increasing) Lyapunov functions gives us quantitative information 
about the controlled system. Our approach to  this problem has several connections with 
other works. First, it can be compared with the approach of Megretski and Lin [ lo ,  81 in 
the sense that  we also use a monotonic family of Lyapunov functions. Because we only 
require these functions to  be non-increasing along the trajectories of the controlled system, 
we can find an explicit family of Lyapunov functions and more explicit control laws. As a 
counterpart, taking into account the magnitude limitations is much harder than in [ lo ,  81. 
Also, in the special case of a chain of integrators, our family of controllers is basically the 
same as that  used by Lauvdal and al. [6]. This suggests a way t o  extend the approach of 
[6] t o  more general systems. 

The paper is organized as follows. A simple motivating example is treated in Section 
2. We present in Section 3 the main result on the rescaling of control law. In Section 4, we 
show how this result can be used for some stabilization problems of homogeneous systems. 
In particular, we recover and extend the results of [9, Th. 41. The main application is 
considered in Section 5 where we develop a design method for the stabilization of single- 
input linear systems with control limitations. An illustrative example is treated in Section 
6, and some concluding remarks are given in Section 7. The proofs of the main result and 
of several technical lemmas are given in Appendix. 

The following notation will be used. 

Id(n) denotes the identity matrix in IRn. For any matrix M ,  Mi denotes the i-th row 
of M ,  and M i  denotes the upper left minor of order i .  For any vector ( d l , .  . . , d,) in 
lRn , Diag(di) denotes the diagonal matrix with d; as (i, i)-th entry. 

By convention, = 0 and n= 1. 

IR+ denotes the set of strictly positive real numbers. 

For any set A E IRm, A0 denotes the interior of A. 



2 Motivating example 

Consider the following system in R 2 :  

together with any linear stabilizing controller u(x) = -a lx l  - ~ 2 x 2  (a l ,  a2  > O ) ,  and 
suppose tha t  we want t o  find a bounded globally asymptotically stabilizing feedback for 
(1). For any X > 0, the controller 

is a stabilizing feedback for ( I ) ,  and the Lyapunov function 

is non-increasing along the trajectories of the controlled system (1)-(2). We note that  
the rescaling of u and V is nonlinear in A. Its particular form is due to  the homogeneity 
properties of the system, as discussed in Section 4. Consider the equation in X 

For any x # 0, this equation has a unique positive solution 

Consider now the feedback u(X(x), x) with u(X, x) defined by (2) and X(x) defined by 

We claim that  this feedback is bounded and ensures global asymptotic stability of (1). The 

boundedness is easily verified since, from (2) and ( 5 ) ,  - and - x2 are bounded. The 
X2fx', X(x\1 , , \ I av 

asymptotic stability of the closed loop system relies on the following fact. Since - < 0 for 
dX 

any x # 0 and X > 0, and since for V ( l ,  x) > 1, V(X(x), x) = 1, we obtain by differentiating 
this last equality that: 

a~ . av ,av .  
-x = -1-1- -x 5 0 .  ax a~ ax 

This implies tha t  the proper function X(x) is non-increasing along the trajectories of the 
controlled system, and it can be shown tha t  this is sufficient t o  imply asymptotic stability 
of the controlled system. 

Hence, by properly "scaling" the family of linear controllers (2), we have obtained 
a bounded globally asymptotically stabilizing feedback for (1). Based on homogeneity 
properties, the previous approach was generalized to  any chain of integrators in [12]. The 
main contribution of this paper, is t o  show tha t  we can in fact generalize it t o  any single- 
input null-controllable system. The following section provides the general tool to  do it. 



3 Resealing of control laws 

Consider a control system 

with a one-parameter family of control laws u(X, x ,  t )  and Lyapunov functions candidates 
V ( X , x , t )  ( X E R ) .  

Assumption: There exists an interval A = [Ao, +w) (or (Ao, $00)) in IR such that: 

A. For any X E A ,  the feedback law u(X ,  x ,  t )  makes the origin of the system (8) globally 
asymptotically stable. 

B. For any X E A ,  the function V(X,  x ,  t )  is non-increasing along the trajectories of (8) 
controlled by u ( X ,  x ,  t )  . 

C. u ,  V E C O ( A  x Rn x I R ; R m ) ,  V(X, ., .) E C 1 ( R n  x R; R) for any X E A ,  and both u 
and V are T-periodic with respect to  t ,  piecewise C1 and everywhere right and left 
differentiable with respect t o  A. For any (A ,  t )  E A x R, V(X, ., t )  is positive definite, 
proper, and vanishes a t  the origin. For any (A ,  t )  A x R, u(X ,  0 ,  t )  = 0.  

With this assumption we shall define a function X(x ,  t )  which is equal t o  X o  a t  x = 0 ,  and 
is such that  the feedback u ( X ( x ,  t ) ,  x ,  t )  is still asymptotically stable for the system ( 8 ) .  
More precisely, we have the following result which extends [9, Th. 41. 

Theorern 1 Suppose that: 

1. For any ( x ,  t ) ,  lim V(X,  x ,  t )  = 0 as X tends to +co, and lirn V(X,  x ,  t )  exists i n  [0, +m] 
as X tends to X o ,  so that we can de-fine a partition (Eo,  E l )  of Rn x R by: 

Eo = { ( x ,  t )  : lirn V(X,  x ,  t )  5 1) , 
X++Xo 

E l  = ( ( x ,  t )  : lim V(X,  x ,  t )  > 1). 
X e X o  

a + 3. V ( X , x , t )  = 1 ==$ W V ( X , x , t )  < 0 and ~ v ( x , x , ~ )  < 0 ,  with and 5 the right 
and left derivatives with respect to A. 

Then,  

i) For any ( x ,  t )  E E l ,  the equation 

has a unique solution X E A.  



ii) The function X defined by 

X(x,t) = if (x, t )  E Eo , 
the solution of (1 0) if (x,  t )  E El , 

is CO, Lipschitz continuous on IRn x R (resp. on (IRn \ (0)) x IR) if Xo E A (resp. if 
Xo # A), and T-periodic with respect to t .  

iii) If Xo E A, the feedback law u(x, t)  defined by: 

0 i f x = O ,  
u (x , t )  = 

u(X (x, t )  , x, t)  otherwise, 

is C0 and makes the origin of the system (8) globally asymptotically stable. If Xo # A, 
u(x, t)  makes the origin of (8) globally asymptotically stable provided that all solutions 
are well de3ned. 

(Proof in Appendix) 

Remarks: 
1. Assumptions 1 and 2 imply tha t  Eo is always a closed set containing (0) x R, and 

therefore tha t  El is open. 
2. The main assumption in this Theorem is Assumption 3 introduced in [9] in a different 

way as a "transversality condition". 
3. If Xo E A, the feedback law (12) is continuous since both ( x , t )  t--+ X(x,t) and 

( A ,  x ,  t )  M u(X, x,  t )  are continuous, and since u(X, 0, t )  G 0 (Assumption C). If Xo # 
A, the feedback law (12) might be discontinuous a t  x = 0. Indeed, X(x,t) -+ Xo as 
x --+ 0, but u(X, x,  t )  might not have a continuous prolongation as X -+ Xo, and this 
can imply that  u(X(x, t ) ,  x , t )  does not tend t o  zero as x -+ 0. This is the reason why, 
in general, solutions from the origin might not be defined. In the applications that  we 
consider here, this "pathological case" will never occur. Finally, note also that  when 
Xo # A, limx-+xo V(X, x ,  t )  > 1 for any t and x # 0. Since V(X, 0, t )  0, V can never be 
prolonged by continuity as X ---+ Xo in this case. 

If Xo # A, Assumption 2 implies that  Eo = (0) x R. In this case Theorem 1 may be 
used to  modify the asymptotic convergence rate, or t o  transform a non-robust feedback 
into a robust one. This will be briefly discussed in Section 4. 

If Xo E A, (11) and (12) imply tha t  the the "A-constant" feedback u(Xo, x ,  t )  is applied 
in a neighborhood of the origin (more precisely, in Eo = {(x, t)  : V(Xo, x ,  t )  < 1)) whereas 
the "A-varying" feedback u(X (x,  t )  , x ,  t)  is applied outside this set. In this case, a possible 
application of Theorem 1 is to  the problem of stabilization with control limitations, where 
one wants to  satisfy some nominal/optimal behavior close to  the equilibrium point, and re- 
scale the controller when saturation problems may occur. This application will be discussed 
in Section 5. 



4 Stabilization of homogeneous systems 

In this section, we briefly discuss some consequences of Theorem 1 for homogeneous control 
systems. The result given in this section is an extension of [9, Th.  41. It also makes use of 
ideas developed in [12]. 

We consider systems homogeneous with respect t o  the linear Euler vector field (see e.g. 
[2] for more details). General definitions of homogeneity (with respect t o  nonlinear vector 
fields) can be found in the recent contributions [13] and [3] (see also [12] for applications). 
More precisely, given a set of real parameters r; > 0 (i = 1, . . . , n) ,  a family of dilations 
(denoted as (6,)) is a family of applications 6, (a > 0) from lRn t o  IRn defined by 6,x = 
(Q!"x~, . . ., arnxn) .  

A continuous, T-periodic with respect to  t function f is homogeneous of degree r 2 0 
with respect t o  the family of dilations (6,) if: 

An homogeneous norm is any C0 function that  is non-negative, proper, and degree one 
homogeneous. 

A continuous, T-periodic with respect to  t vector field f is homogeneous of degree r 
with respect t o  the family of dilations (6,) if, for any i = 1, . . . , n,  the i-th component f ;  
of f is homogeneous of degree r + r;. 

The following is a consequence of Theorem 1 (compare with [9, Th.  41). 

Proposition 1 Consider the control system 

with fk  E C1 (lRn; lRn) (k = 0, . . . , m). Assume that: 

1. The C0 and T-periodic with respect to t feedback law u(x,  t)  = (ul(x,  t ) ,  . . . , u, (x, t ) )  
makes the origin of the system (13) globally asymptotically stable. 

2. There exists a family of dilation (6,) with respect to which each fk  is homogeneous 
of degree r k  with r; < TO (i = 1, . . . , m), and TO = 0 if u is time varying. 

3. The C1 and T-periodic with respect to t function V(x,  t)  (or V(x) if u is autonomous), 
with V(0,  t)  0, is definite positive, proper with respect to x, non-increasing along 
the trajectories of the system (13) controlled by u(x,  t) ,  and satisfies: 

av 
3c > 0 1 ( ax ) ( I  . ) > 0 V(X, t)  E V-l (c) . (14) 

Consider the feedback law v(x, t)  defined by 

v;(O,t) = 0 
v; (x, t )  = X70-7i (x , t )  u; (S1 5, t )  (x f 0) , 

X(x , t )  

(15) 

with X(x, t)  solution of ~ - l V ( 6 ~ x ,  t)  = 1. Then, 
X 



i) Each v; is continuous, T-periodic with respect to t and homogeneous of degree ro - r;. 
I t  is Lipschitz continuous on (Rn \ (0)) x IR i fu  is Lipschitz continuous on this set. 

ii) The system (13) controlled by the feedback law v(x, t) is asymptotica2ly stable and 
homogeneous of degree TO. In  particular, if TO = 0, it is p-exponentially stable, i.e. 
for any homogeneous norm p, there exist K and y > 0 such that, along any solution 
of the system, p(x(t)) 5 K p ( x ( ~ ) ) e - ~ ~ .  

Proof: First, for any X > 0, the control law 

is also an asymptotically stabilizing feedback for the system (13). This is easily shown, 
using the fact that  each vector field fr, is homogeneous of degree rr,, by taking the derivative 
of y(t) = SXx(XTOt) where x(.) is any solution of the system (13) controlled by u(x,  t ) .  
Simiiarly, one also easily shows that  for any A > 0 and any c > 0, the function 

is non-increasing along the trajectories of (13) controlled by (16). In view of Assumption 
2 on 7-0, we can rewrite (16) as 

and in view of Assumption 3 on V,  we can rewrite (17) as 

The families u(X, ., .) and V(X, ., .) satisfy Assumptions A, B, and C of Section 3 with 
A = (0, +w). One also easily verifies that  Assumption 1 of Theorem 1 is satisfied with 
Eo = (0) x R. As a consequence, Assumption 2 is also satisfied. Finally, in view of (19), 
Assumption 3 requires 

Using the fact that  

it readily follows from (20) that  Assumption 3 of Theorem 1 is precisely (14). By application 
of this theorem, X is continuous and T periodic. In order t o  show that  v is continuous, one 
still needs t o  show, in view of (15), that  as X(x, t)  tends to  zero (i.e., as x tends to  zero), v 
also tends t o  zero. Let us first show that  for any t ,  A(.,  t )  is homogeneous of degree 1 with 
respect t o  the family of dilation (6,). Indeed, X(6,x, t) is defined by the equality 



Since for any al and a 2 ,  6,,6,,x = 6 ,,,, x, (22) implies that  

Since X(x, t )  is uniquely defined, it follows that  = & which precisely means that  

X is homogeneous of degree 1. This readily implies that  each u;(S1x, t )  is homogeneous 
X ( x , t )  

of degree 0 and therefore, tha t  each v; is homogeneous of degree r o  - r; > 0. This implies 
that  v; tends t o  zero as x tends t o  zero1. Thus, v is continuous. The periodicity of v; with 
respect t o  t follows from the periodicity of X and u. The Lipschitz continuity follows from 
that  of X (Property ii) of Theorem 1) and that  of u. This concludes the proof of i).  

Now, we prove ii). Since the feedback law v(x , t )  is continuous, asymptotic stability 
of the origin of the closed-loop system follows readily by application of Theorem 1. The 
fact tha t  the closed loop system is homogeneous of degree ro is a direct consequence of 
i) and of Assumption 2. Finally, the p-exponential stability comes from the fact tha t  the 
closed-loop system is degree zero homogeneous (see [3] for details). I 

5 Stabilization with control limitations 

In this section, we consider the problem of stabilization with control limitations of the form 
ul < M. We consider a single-input linear controllable system: I - 

We assume throughout this section that  A is in companion form and b = ( 0 , .  . . , 0 ,  I ) ~ .  
It is well known tha t  a necessary and sufficient condition for the existence of a bounded, 

globally asymptotically stabilizing feedback for the system (23) is tha t  A has no eigenvalues 
with strictly positive real part. In the past few years, several methods have been developed 
in order t o  design such stabilizing feedbacks. Let us just mention the works of Tee! and 
Sussmann and al. [16, 151 based on nested saturations, or the approach by Megretski, Lin, 
or Tee1 [lo, 8, 171 based on updating the solution of a Ricatti equation. We show in this 
section that  Theorem 1 can also be used to  construct bounded globally stabilizing feedbacks. 
As a matter of fact, our approach is strongly related t o  the recent result of Megretski [lo]. 
More precisely, the condition d P ( r ) / d r  > 0 in the definition of an (A, B,  W)-chain in [lo] is 
equivalent t o  the "transversality condition" (Assumption 3 of Theorem I ) ,  and the matrix 
family P ( r )  r E [0,1] plays the role of our family of functions V(X, ., .). By comparison 
with [lo], the fact tha t  we only require the Lyapunov function t o  be non-increasing will 
allow us t o  find an explicit family V(X, ., .). However, as a counterpart, the stability and 
boundedness analysis is made much trickier. 

When all eigenvalues of the matrix A in (23) are zero (i.e., for a chain of integrators) 
Theorem 1 easily leads t o  bounded stabilizing feedbacks. Indeed, in this case one easily 
checks that  both the drift and the control vector fields are homogeneous of degree -r 
with respect to  the family of dilation defined by Sax = (anTxl,  a("-l)'x2, . . . , aTx,). By 
application of Proposition 1 (in fact, one needs t o  slightly modify this proposition since 

'Note that this is the only place where we have used the assumption T; < 70. If instead we have some 
T, = T O ,  then the corresponding control is bounded but is in general discontinuous at x = 0. 



Assumption 2 implies that  the homogeneity of the drift vector field is strictly larger than 
the homogeneity of the control vector fields; however this assumption is only used t o  ensure 
the continuity at the origin, and is therefore not necessary if one only needs homogeneity 
outside some neighborhood of the origin), it follows that  if for some linear stabilizing 
controller u = K x ,  there exists an associated Lyapunov function V(x) such that  

then one can construct another stabilizing feedback v homogeneous of degree r - r = 0. 
Since any function homogeneous of degree 0 is bounded, this gives a bounded stabilizing 
feedback. It has been shown in [12] that  one could always find a stabilizing feedback Kx 
together with an associated Lyapunov function V such that  the above inequality is satisfied. 
Unfortunately, this homogeneity-based argument cannot be used for systems other than a 
chain of integrators since a necessary and sufficient condition for the existence of a family of 
dilation with respect t o  which Ax is homogeneous of non-zero degree is that  A is nilpotent 
(i.e., all eigenvalues must be equal to  zero). 

The design and analysis of the control laws are presented in the next three subsections. 
These subsections can be summarized as follows. First, we construct a family of controllers 
u(X, .) for the system (23) together with a family of functions V(X, .). In particular, these 
controllers and functions satisfy Assumptions A, B, and C of Section 3. They are also 
endowed with many degrees of freedom. Then, by fixing some of these degrees of freedom, 
we show how t o  fulfill the three assumptions of Theorem 1. Therefore we obtain a non- 
linear stabilizing feedback for (23). Finally, we show that  this feedback is bounded, and 
how to  modify this bound. 

Note that  our family of function u(X, .) will be explicitely defined. Therefore, the 
sole on-line computation shall consist in solving the implicit equation (10). This is to  be 
compared with the results in 110, 8, 171 where heavier on-line computations have to  be 
performed. 

5.1 The farnilies u(X, .) and V(X, .) 

The design of these families is based on the properties of the so-called "Schwartz matrices". 
Some of these properties are recalled here. The reader can consult [ l l ]  for additional 
properties and applications. 

Definition 1 Let s E Rn. The matrix S(s) deJined by 

is called the "Schwartz matrix" associated with s. 

9 














































