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Abstract 

In this paper we analyze the stability of relative equilibria of non- 
holonomic systems (that is, mechanical systems with nonintegrable 
constraints such as rolling constraints). In the absence of external 
dissipation, such systems conserve energy, but nonetheless can exhibit 
both neutrally stable and asymptotically stable, as we!! as linearly un- 
stable relative equilibria. To carry out the stability analysis, we use 
a generalization of the energy-momentum method combined with the 
Lyapunov-Malkin Theorem and the center manifold theorem. While 
this approach is consistent with the energy-momentum method for 
holonomic systems, it extends it in substantial ways. The theory is 
illustrated with several examples, including the the rolling disk, the 
roller racer, and the rattleback top. 

1 Introduction 

The ma,in goal of this paper is to analyze the stability of relative equilib- 
ria for nonholonomic mechanical systems with symmetry using an energy- 
momentum analysis for nonholonomic systems that is analogous to that for 
holonomic systems given in Simo, Lewis, and Marsden [1991]. The theory of 



the motion of nonholonomic systems, which are mechanical systems subject 
to nonintegrable constraints, typified by rolling constraints, is remarkably 
rich. We will follow the spirit of the paper by Bloch, Krishnaprasad, Mars- 
den and Murray [1996], hereafter referred to as [BKMM]. We will illustrate 
our energy-momentum stability analysis with a low dimensional model ex- 
ample, and then with several mechanical examples of interest including the 
falling disk, the roller racer, and the rattleback top. 

As discussed in [BKMM] (and elsewhere), symmetries do not always lead 
to conservation laws as in the classical Noether theorem, but rather to an 
interesting m o m e n t u m  equation. This is one of the manifestations of the 
difference between the Euler-Lagrange equations for holonomic mechanical 
systems and the Lagrange-d'Alembert equations for nonholonomic systems, 
which are not  variational in nature. Another behavior which does not occur 
in unconstrained Hamiltonian and Lagrangian systems is that even in the 
absence of external forces and dissipation, nonholonomic systems may (but 
need not) possess asymptotically stable relative equilibria. This phenomenon 
was already known in the last century; cf. Walker [1896]. 

The momentum equation has the structure of a parallel transport equa- 
tion for the momentum corrected by additional terms. This parallel trans- 
port occurs in a certain vector bundle over shape space. In some instances 
such as the Routh problem of a sphere rolling inside a surface of revolution 
(see Zenkov [1995]), this equation is pure transport and, in fact is integrable 
(the curvature of the transporting connection is zero). This leads to nonex- 
plicit conservation laws. 

In other important instances, the momentum equation is partially inte- 
grable in a sense that we shall make precise. Our goal is to rnake use of, 
as far as possible, the energy momentum approach to stability for Hamilto- 
nian systems. This method goes back to fundamental work of Routh (and 
many others in this era), and in more modern works, that of Arnald [1966] 
and Smale [1970], and Simo, Lewis and Marsden [I9911 (see for example, 
Marsden [I9921 for an exposition and additional references). Because of the 
nature of the momentum equation, the analysis we present is rather dif- 
ferent in several important respects. In particular, our energy-momentum 
analysis varies according to the structure of the momentum equation and, 
correspondingly, we divide our analysis into several parts. 

There is a large literature on nonholonomic systems and here we shall cite 
only a small part of it. For a more comprehensive listing, see Neimark and 
Fufaev [I9721 and [BKMM]. A key work on stability from our point of view 
may be found in Karapetyan [1980, 19831, which we shall specifically refer to 
in the course of this paper. Other work on symmetry and conservation laws 



my be found in Arnold [I9881 and Bloch and Crouch [1992, 19951 for exam- 
ple. For the relationship between nonholonomic systems and Hamiltonian 
structures, see Bates and Sniatycki [I9931 and Koon and Marsden [1997a, b, 
c] and references therein. 

A brief of outline of this paper is as follows: In the remainder of this 
section we review the theory of nonholonomic systems and some key exam- 
ples. In section 2 we discuss the role of symmetries in nonholonomic systems 
and the classical energy-momentum method for holonomic systems. In sec- 
tions 3 and 4 we discuss the extension of the energy-momentum method to 
nonholonomic systems. As discussed above, we divide up the anaylsis into 
different parts according to the structure of the momentum equation. 

1.1 The Lagrange-d' Alembert Principle 

We now describe briefly the equations of motion for a nonholonomic system, 
following the notation of [BKMM]. 

We confine our attention to nonholonomic constraints that are homoge- 
neous in the velocity. Accordingly, we consider a configuration space Q and 
a distribution D that describes these constraints. Recall that a distribution 
27 is a collection of linear subspaces of the tangent spaces of Q; we denote 
these spaces by Dq c TqQ, one for each q E Q. A curve q(t) E Q will be said 
to satisfy the constraints if q(t) E Dq(tl for all t. This distribution will, in 
general, be nonintegr able; i. e., the constraints are, in general, nonholonomic. 

Consider a Lagrangian L : TQ -+ R. In coordinates qi, i = 1 , .  . . , n,  on Q 
with induced coordinates (qi, 8) for the tangent bundle, we write L ( ~ ' ,  8 ) .  
The equations of motion are given by the following Lagrange-d'Alembert 
principle. 

Definition 1.1 The Eagrange-d 'Alembert equations of motion for the 
system are those detemained by 

where we choose variations Sq(t) of the curve q(t) that satisfy 6q(a) = 

6q(b) = 0 and 6q(t) E Dq(,) for each t where a 5 t 5 b. 

This principle is supplemented by the condition that the curve itself satisfies 
the constraints. Note that we take the variation before imposing the con- 
straints; that is, we do not impose the constraints on the family of curves 
defining the variation. This is well known to be important to obtain the 
correct mechanical equations (see [BKMM] for a discussion and references). 



The usual arguments in the calculus of variations show that the Lagran- 
ge-d'Alembert principle is equivalent to the equations 

for all variations 6q such that 6q E Dq at each point of the underlying 
curve q(t). One can of course equivalently write these equations in terms of 
Lagrange multipliers. 

Let {wa, a = 1,. . . , p )  be a set of p independent one forms whose vanish- 
ing describes the constraints. Choose a local coordinate chart q = (r, s) E 
Rn-p x Rp, which we write as q2 = (r",sa), where 1 5 a 5 n - p and 
1 < a < p such that 

wa(q) = dsa + Az(r, s)dra, 

for all a = I , .  . . ,p.  In these coordinates, the constraints are described by 
vectors v" (va, va) satisfying va + Azv" = 0 (a sum on repeated indices 
over their range is understood). 

The equations of motion for the system are given by (1.1) where we 
choose variations 6q(t) that satisfy the constraints, i.e., wa(q) . 6q = 0, or 
equivalently, 6sa + A$6rff = 0, where 6qZ = (Gr", Ssa). Substituting varia- 
tions of this type, with 6r" arbitrary, into (1.1) gives 

for all a = 1 , .  . . , n - p. Equation (1.2) combined with the constraint equa- 
tions 

for all a = 1,. . . , p  gives the complete equations of motion of the system. 
A useful way of reformulating equations (1.2) is to define a "constrained" 

Lagrangian by substituting the constraints (1.3) into the Lagrangian: 

The equations of motion can be written in terms of the constrained Lagran- 
gian in the following way, as a direct coordinate calculation shows: 



where B : ~  is defined by 

Geometrically, the A$ are the coordinate expressions for the Ehresmann 
connection on the tangent bundle defined by the constraints, while the B$ 
are the corresponding curvature terms (see [BKMM]) 

1.2 Symmetries 

As we shall see shortly, symmetries play an important role in our analysis. 
We begin here with just a few preliminary notions. Suppose we are given 
a nonholonomic system with the Lagrangian L : TQ t R, and a (noninte- 
grable) constraint distribution ID. We can then look for a group G that acts 
on the configuration space Q. It induces an action on the tangent space TQ 
and so it makes sense to ask that the Lagrangian L be invariant. Also, one 
can ask that the distribution be invariant  in the sense that the action by 
a group element g E G maps the distribution Dq at the point q E Q to the 
distribution Dgq at the point gq. If these properties hold, we say that G is 
a s y m m e t r y  group. 

In many examples, the symmetry group will be evident. For example, for 
systems rolling on the plane, the group of Euclidean motions of the plane, 
SE(2)  will be appropriate. 

1.3 The Rolling Disk 

A classical example of a nonholonomic system is a disk rolling without sliding 
on the xy-plane, as in Figure 1.1. 

As the figure indicates, we denote the coordinates of contact of the disk 
in the xy-plane by ( x ,  y) and let 0 , 4, and $ denote the angle between the 
plane of the disk and the vertical axis, the "heading angle" of the disk, and 
"self-rotation" angle of the disk respectively. In [BKMM], the vertical rolling 
disk was considered, but we consider a disk that can "fall". 

A classical reference for the rolling disk is Vierkandt [I8921 who showed 
that on the reduced space IDlSE(2)-the constrained velocity phase space 

'Strictly speaking, an Ehresmann connection requires one to have a bundle for which 
the distribution is regarded as the horizont.al space but in fact, the bundle structure is 
not required if one regards the connection one form to be not vertical valued, but rather 
TQlD-valued. 



Figure 1.1: The geometry for the rolling disk. 

modulo the action of the Euclidean group SE(2)-all orbits of the system 
are periodic. Modern references that treat this example are Hermans [I9951 
and O'Reilly [1996]. 

For the moment, we just give the Lagrangian and constraints, and return 
to this example later on. As we will eventually show, this is a system which 
exhibits stability but not asymptotic stability. Denote the mass, the radius, 
and the moments of inertia of the disk by m,  R, A, B respectively. The 
Lagrangian is given by the kinetic minus potential energies: 

1 + - [ A ( o ~  + d2 cos2 0) + B($ sin 0 + d)'] - mgR cos 0, 
2 

where J = i cos 4 + i s i n  4 + RG and q = -i sin 4 + 7j cos 4, while the 
constraints are given by 

Note that the constraints may also be written as = 0, q = 0. 

1.4 A Mathematical Example 

We now consider an instructive, but (so far as we know) nonphysical exam- 
ple. Unlike the rolling disk, it has asymptotically stable relative equilibria, 



and is a simple example that exhibits the richness of stability in nonholo- 
nomic systems. Our general theorems presented later are well illustrated by 
this example and the reader may find it helpful to return to it again later. 

Consider a Lagrangian on TR3 of the form 

where a ,  b, and V are given real valued functions of a single variable. We 
consider the nonholonomic constraint 

Using the definitions, straightforward computations show that B12 = 
&.I b = -B12. The constrained Lagrangian is LC = $ + ( f 2 ) 2 ) ) - ~ ( r 1 )  
and the equations of motion, namely, (d/dt)(d+aLc) - draLc = -SBapfP 
become 

d d L ,  dL, -- - - d dL, 
= -SBI2f2, -- 

dt 8i.l d r l  
= S ~ ~ ~ i - l  

dt d.i.2 
The Lagrangian is independent of r2 and correspondingly, we introduce 

the nonholonomic momentum defined by 

We shall review the nonholonomic momentum later on in connection with 
general symmetries, but for now just regard this as a definition. Taking into 
account the constraint equation and the equations of motion above, we can 
rewrite the equations of motion in the form 

Observe that the momentum equation does not, in any obvious way, imply 
a conservation law. 

A relative equilibrium is a point (ro,po) that is an equilibrium modulo 
the variable r2; thus, from the equations (1.6) and (1.7), we require f1 = 0 
and 

We shall see that relative equilibria are Lyapunov stable and in addition 
asymptotically stable in certain directions if the following two stability con- 
ditions are satisfied: 



(i) the energy function E = d- ip2 + V, which has a critical point 
at  (ro, PO), has a positive definite second derivative at  this point. 

(ii) the derivative of E along the flow of the auxilliary system 

is strictly negative. 

1.5 The Roller Racer 

We now consider a tricycle-like mechanical system called the roller racer, 
or the Tennessee racer, that is ca,pable of locomotion by oscillating the 
front handlebars. This toy was studied using the methods of [BKMM] in 
Tsakiris [1995]. The methods here may be useful for modeling and studying 
the stability of other systems, such as aircraft landing gears and train wheels. 

The roller racer is modeled as a system of two planar coupled rigid bodies 
(the main body and the second body) with a pair of wheels attached on each 
of the bodies at their centers of mass. We assume that the mass and the 
linear momentum of the second body are negligible, but that the moment of 
inertia about the vertical axis is not. See Figure 1.2. 

Figure 1.2: The geometry for the roller racer. 

Let (x, y) be the location of the center of mass of the first body and 
denote the angle in between the inertial reference frame and the line passing 
through the center of mass of the first body by 8, the angle between the 
bodies by 4 ,  and the distances from the centers of mass to the joint by dl  



and dz. The mass of body 1 is denoted m and the inertias of the two bodies 
are written as Il and 12. 

The Lagrangian and the constraints are 

and 

i = coso 
sin q!I 

y = sin 0 
d l  cos q!I + d2 

sin 4 

The configuration space is SE(2) x SO(2). The Lagrangian and the con- 
straints are invariant under the left action of SE(2) on the first factor of the 
configuration space. 

We shall see later that the roller racer has a two dimensional manifold 
of equilibria and that under a suitable stability condition some of these 
equilibria are stable modulo SE(2) and in addition asymptotically stable 
with respect to 4. 

1.6 The Rattleback 

A rattleback is a convex nonsymmetric rigid body rolling without sliding on 
a horizontal plane. It is known for its ability to spin in one direction and to 
resist spinning in the opposite direction for some parameter values, and for 
other vaiues, to exhibit muitiple reversals. See Figure 1.3. 

Figure 1.3: The rattleback. 

Basic references on the rattleback are Walker [1896], Karapetyan [1980, 
19811, Markeev [1983, 19921, Pascal [1983, 19861, and Bondi 119861. We 



adopt the ideal model (with no energy dissipation and no sliding) of these 
references and within that context, no approximations are made. In par- 
ticular, the shape need not be ellipsoidal. Walker did some initial stability 
and instability investigations by computing the spectrum while Bondi ex- 
tended this analysis and also used what we now recognize as the momentum 
equation. (See Burdick, Goodwine and Ostrowski [1994]). Karapetyan car- 
ried out a stability analysis of the relative equilibria, while Markeev's and 
Pascal's main contributions were to the study of spin reversals using small 
parameter and averaging techniques. 

Introduce the Euler angles 0, 4, $ using the principal axis body frame 
relative to an inertial reference frame. These angles together with two hori- 
zontal coordinates x, y of the center of mass are coordinates in the configu- 
ration space SO(3) x lR2 of the rattleback. 

The Lagrangian of the rattleback is computed to be 

+ m(yl cos 0 - sin 0)y2 sin 0 84 + ( A  - B )  sin 0 sin $ cos $ 8d 
+ Ccos8& +mg(yl sin0 + [ c o s ~ ) ,  

where 

A, B, C = the principal moments of inertia of the body, 

m = the total mass of the body, 

(J, q,  5) = coordinates of the point of contact relative to the body frame, 

71 = [sin$ + qcos$, 

7 2  = <cos$ - qsin$. 

The shape of the body is encoded by the functions J,  q and 5. The constraints 
are 

= Q ~ Q  + ~ 2 4  ~ 3 4 ,  = ~ 1 8  + ~ 2 4  3- ~ 3 4 ,  



a1 = -(ylsinO+ Ccos0)sinq5, 

a 2  =y2cosOsinq5+ ylcosq5, 

a 3  = 7 2  sin q5 + (yl cos 0 - C sin 0) cos 4, 

The Lagrangian and the constraints are SE (2)-invariant, where the ac- 
tion of an element (a, b, a) E SE(2) is given by 

(x,y,$) ~-t (xcosa - y s i n a + a , z s i n a +  ~ ~ c o s a +  b,qb+a). 

Corresponding to this invariance, [, 7,  and C are functions of the variables 
0 and $ only. 

2 The Equations of Motion of Nonholonomic Sys- 
tems with Symmetries 

In this section we briefly discuss the mechanics of nonholonomic systems 
with symmetries-this of course is key to our energy momentum approach 
to stability. We make use of the approach introduced in [BKMM]. The key 
equations are (2.3) and (2.4) in a body frame, given below. It  is the form of 
these equations that determines the stability and dynamics of the systems 
analyzed here. The knowledgable reader may skip directly to these equations 
at  this point-the following text explains their derivation. 

2.1 The Geometry of Nonholonomic Systems with Symme- 
try 

Consider a nonholonomic system with the Lagrangian L : TQ --+ R, the 
(nonintegrable) constraint distribution D, and the symmetry group G in the 
sense explained previously. 

Orbits and Shape Space. The group orbit through a point q, an (im- 
mersed) submanifold, is denoted 

Let 0 denote the Lie algebra of the Lie group G. For an element [ E 0 ,  we 
write JQ, a vector field on Q for the corresponding infinitesimal generator. 






























































































