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Abstract

We considerthe cortrol of interacting subsystemswhosedynamics and constraints
are uncoupled, but whosestate vectorsare couplednon-separablyin a singlecertralized
cost function of a nite horizon optimal control problem. For a given certralized
cost structure, we generatedistributed optimal cortrol problems for ead subsystem
and establish that the distributed receding horizon implementation is asymptotically
stabilizing. The communication requiremerts betweensubsystemswith coupling in the
costfunction arethat ead subsystemobtain the previous optimal cortrol trajectory of
those subsystemsat ead recedinghorizon update. The key requiremerts for stability
are that ead distributed optimal control not deviate too far from the previous optimal
control, and that the recedinghorizon updates happen su cien tly fast. The theory is
applied in simulation for stabilization of a formation of vehicles.
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1 Intro duction

We are interested in the cortrol of a set of dynamically decoupledsubsystemsthat are
requiredto perform a cooperative task. An exampleof suc a situation is a group of vehicles
cooperatively corvergingto a desiredformation, asexploredin Olfati-Saber et al [23], Dunbar
and Murray [10], Ren and Beard [25], and Leonard and Fiorelli [17]. One cortrol approad
that accommalates a generalcooperative objective is recedinghorizon cortrol. In receding
horizon cortrol, or model predictive cortrol, the current cortrol action is determined by
solvingon-line, at eath samplinginstant, a nite horizon open-loop optimal cortrol problem.
Ead optimization yields an open-loop optimal cortrol trajectory and the initial portion of
the trajectory is applied to the systemuntil the next samplinginstant. A survey of receding
horizon cortrol is givenby Mayne et al [18]. For the problem of interest here,the cooperation
betweensubsystemscan be incorporated in the optimal cortrol problem by including terms
in the costfunction that depend on their respective state vectors,asis donein [10] and [23].
It is presumedthat at least someof the terms that couple states of cooperating subsystems
are non-separable,.e., not additively separable. Otherwise, the subsystemswould not be
directly cooperating, in the sensethat their optimal cortrols are not directly in uenced by
the state of the other subsystem. Henceforth, we refer to ead subsystemas an agent and
any two agers that are cooperating are referredto as neighlors. Thus, neighbors have a
non-separablegerm coupling their statesin the single, certralized costfunction. Aside from
being able to handle the cooperative performanceobjective, the recedinghorizon cortrol
approad is particularly useful when the individual subsystemsare also required to satisfy
state and cortrol constrairts, asis the casein generalfor vehicles.

A drawbad of the recedinghorizon cortrol approad to our problemisthat currertly only
a certralized solution and implemertation can guarartee asymptotic stability theoretically.
Howewer, a distributed solution to the problem is desirable,for autonomy of the individual
subsystemsand for potential scalability and improved tractabilit y of the approad. In that
case,eat agen would be assignedits own optimal cortrol problem, implemerted in a
distributed recedinghorizon fashion.

Previouswork on distributed recedinghorizon cortrol include Jia and Krogh [14], Motee
and Sayar-Rodsaru [22] and Acar [1]. In all of these papers, the cost is quadratic and
separablewhile the dynamicsare discrete-time,linear, time-invariant and coupled. Further,
state and input constrairts are not included, asidefrom a stability constrairt in [14] that
permits state information exchangedbetweenthe agers to be delayed by oneupdate period.
In another work, Jia and Krogh [15] solve a min-max problem for ead agen, where again
coupling comesin the dynamics and the neighboring agert states are treated as bounded
disturbances. Stability is obtained by cortracting ead agers state constrairt set at eah
sample period, until the objective set is readed. As sud, stability does not depend on
information updates with neighboring agerts, although sud updates may improve perfor-
mance. More recerily, Keviczky et al [16] have formulated a distributed model predictive
sthemewhere ead agert optimizeslocally for itself and every neighbor at ead update. By
this formulation, feasibility becomedi cult to ensure,and no proof of stability is provided.
The authors also considera hierarchical scheme, similar to that in [19], where the stheme
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dependson a particular interconnectiongraph structure (e.g., no cyclesare permitted).

In this paper, we start with an asymptotically stabilizing certralized recedinghorizon
cortrol law, basedon the problem formulation and results in the dissertation of Chen [5],
which is summarizedin [6]. The performanceobjective is relevant for a multi-v ehicle for-
mation stabilization problem. The certralized integrated cost is then decommsedto de ne
distributed integrated costs,and asymptotic stability is proven under stated conditions. Key
requiremerts for stability are that the recedinghorizon updateshappensu cien tly fast, and
ead distributed optimal cortrol trajectory is required to not deviate too far from the pre-
vious optimal trajectory, over the optimized horizon time. We should emphasizethat the
multi-v ehicle formation stabilization problem is simply a verue. In other problemswhere
the certralized integrated cost can be decommsedin the sameway, namely sud that the
summation of the distributed costsrecoversthe certralized cost, the approad is applicable.
With slight modi cation to the theory in this paper, the dynamicsof the individual subsys-
tems neednot be linear or homogeneousi.e., all subsystemscould have di erent, nonlinear
dynamics. Sud extensionsare worked out elsewherd9].

In our distributed approad, no comnmunication is required betweenagerts while the dis-
tributed optimal cortrol problemsare being solved. This is an advantage over parallelization
methods [3], where every distributed optimization must comnmunicate with neighboring op-
timizations while iterating. Thus, the approad here would incur lesscomputational and
communication delay e ects than an approad using recedinghorizon corntrol with paral-
lelization methods. On the other hand, parallelization can guarartee convergenceto the
certralized solution, whereasthe distributed recedinghorizon cortroller here,while stabiliz-
ing, will perform di erently in generalthan the certralized recedinghorizon cortroller.

The organization of the paper is as follows. Section2 de nes the cortrol objective and
cost function usedin the optimal cortrol problem. The costfunction is relevant for multiple
vehicleformation stabilization. We note that the stability resultsarefacilitated by this choice
of cost, but the results hold for any cost with a similar decompsablestructure. Section 3
de nes the optimal cortrol problem and reviewsrequiremers for asymptotic stability of the
certralized recedinghorizon cortrol law. Section4 details the distributed recedinghorizon
implemertation and a proof of asymptotic stability. Simulation results of a multi-v ehicle
formation arethen givenin Section5. Finally, Section6 discussegonclusionsand extensions.

2 Formation Stabilization Objectiv e

In this section, we presen the system dynamics and constrains and de ne the cortrol
objective. To facilitate the analysis, we consideronly linear dynamics here, although the
nonlinear caseis treated elsewherg9].

We wish to stabilize a group of agerts toward a commonaobjective in a cooperative way
using recedinghorizon cortrol. Each agen is assumedto have dynamics, descriked by an
ordinary di erential equation, completely decoupledfrom all other agerts. Speci cally, for
i = 1;::;N, agerts, the state and cortrol of agen i are z(t) = (qg(t);qg(t)) 2 R and



ui(t) 2 R", respectively, and the dynamicsare given by

z(t) = Aiz(t) + Biui(t); t 0; z(0) given
0 Imy . 0

) B =
0O O ' I'(n)

The matrix |y is the identity matrix of dimensionn. Eadh agert i is also subject to the
input and state constrairnts

where A; =

ut)2U; z@t)2z; t O

An admissiblecontrol is any piecewiseright-continuousfunction u;() : [0; T]! U, for any
T 0, sudh that given an initial state z(0) 2 Z, the cortrol generatesthe state trajectory
zi(t;z(0)) 2 Z forall t 2 [O;T].

The set ZN is the N -times Cartesian product Z Z . Concatenatingthe states
and inputs into vectorsas q = (04} 5 0n,), A= (05 n,), Z = (2155 2n,) 2 ZNe and
u= (ug;::;un,) 2 UN2| the dynamicsare equivalertly

z(t) = Az(t) + Bu(t); t 0O; z(0) given, (2)

where A = diag(A1;:::;;Ay,), B = diag(B1;:::;;By,). De ne the invertible map U : R?™a |
R2WNa as

q = Uz:
a

Note that U is a unitary matrix, so(U)"U = 1I.

De nition 1. The control objective is to cooperatively asymptotically stabilize all ageris
to z° = (z§;::;25,) 2 ZN=, an equilibrium point of equation (1), with equilibrium cortrol
equalto zero.

The cooperation is achieved by the minimization of the costfunction de ned belov. The
cortrol objective for ead agert i is thusto stabilize to z while cooperating with neighboring
agernts. The position valuesat z¢ are denotedq® = (qf; ::;; 05, ), and the equilibrium velocity
is clearly zero.

Assumption 1. The following holds:

() U R" is compact, corvex and cortains the origin in its interior, and Z  R? is
corvex, connectedand cortains z{ in its interior, for every i = 1;::3; Ng;

(i) ead agert i can measurethe full state z;, there is no uncertainty, and computational
time is negligible comparedto the ewlution of the closed-l@p dynamics.

Remark 1. In the absenceof constrairns, linear quadratic optimal cortrol could be usedto
meetthe cooperative cortrol objective. Convexity of U is related to existenceof solutionsto
the optimization problem that will be de ned, referring the readerto section4.3 of [5] and
referencegherein for details. Convexity of both U and Z is relevant in guararteeing that
the closed-lmp systemwill have nominal robustnessproperties [13].
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The multiple vehicle formation is here de ned by a set of relative vectorsthat connect
the desired locations of the vehicles. The desired formation can in turn be viewed as a
graph, asin [11, 25]. For example, considera desired formation of vehiclesin Figure 1,
where the position componerts of ¢ are denoted (x;;y;) 2 R?. The left gure shaws the
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"

Figure 1: Sewen vehicle formation: vector structure on the left, and resulting formation on
the right.

vector structure assaiated with the formation. The numbers correspnd to vehicleidertity
and a line segmeh betweentwo numbersis a two dimensionalrelative vector. The dot in
the certer of the gure is the certer of geometry of vehiclesl, 2 and 3. Given a desired
location for this certer of geometry and the relative vectorsbetweenvehiclesas shavn, this
formation designatesa globally unique location for ead of the vehicles. To generalize,a
formation of N, vehiclesis uniquely de ned given N, 1 relative vectors, sud that eath
vehicleis at one end of at least one vector, and 1 vector (denoted qy) designatinga desired
certer of geometrylocation for a subsetof the vehicles. The vehiclesusedto relate to gy are
called the core vehicles consistem with the de nition in [23]. The gure on the right shaws
the assaiated vehicleformation, wherethe corevehiclesare denotedby white triangles, and
all other vehiclesare denotedby bladk triangles. The tracking objective is being achieved
for someformation path R 3 t 7! (qu(t); gu(t)) 2 R%.

We now generalizethe description of the formation as a graph. The vector formation
graphis de ned asG= (V;E), whereV = f1;2;::;;N,g is the setof vehiclesandE V V
is the set of relative vectors between vehicles, where an edgein the graph is an ordered
pair (i;j) 2 E for ewery relative vector betweenvehiclesi; j 2 V. All graphs considered
are undirected, so (i;j) 2 E) (j;i) 2 E. Two vehiclesi and j are called neighbors if
(i;J) 2 E. The setof neighbors of agert i is denotedN; V. In addition, although any two
corevehiclesmay not have a relative vector betweenthem in the formation, we considerall
core vehiclesto be neighbors of one another, as they are all coupledthrough the tracking
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objective.

Let Ey denote an orientation of the set E, whereE;  E corntains one and only one of
the two permutations of (i; j ), for all (i;j) 2 E. Also, without lossof generality, we take the
corevehiclesto be 1, 2 and 3, which is the casein Figure 1. As stated, although (2;3) Z E,
32 N, and 22 N3 since2 and 3 are core vehiclesand thus coupledthrough the tracking
objective.

Assumption. The undirected vector formation graph G is connected.

If the formation graphis not connected there existsa vehiclewhosedesiredlocation is not
uniquely speci ed by the graph, in addition, the costfunction that we de ne would additively
separateinto morethat onecoupledcostfunction. For a connectedgraph and resulting cost
function de ned below, the certralized recedinghorizon cortrol law involvesa singlecoupled
optimal cortrol problemthat will be givenin the next section. The connectivity assumption
clearly holds for the examplein Figure 1.

Remark 2. When the minimal number of relative vectorsare usedto de ne the formation,
JEoj = Na 1. It may bethat more vectorsare addedto the formation description, provided
they are consistenh with the existing vectors,as described belon. Generally we shall denote
JEoj= M, M N, 1. In graphtheory, assumingthe graphis connectedmpliesM N, 1

[4].

Let e;::;;ey denote an ordering of the elemens of Ey. Also, the tail of the edgee,
denotedt(e), is the rst elemen in the correspnding ordered pair and the head of the
vector h(g) is the secondelemer. In the caseof Figure 1, let

Bo = fer e s 6q; 65669 = f(1;2);(1;3);(1;6); (1;7); (3;4); (5 6)a:
For example,we have t(e3) = 1 and h(e;) = 6.

De nition 2. The desired relative vector betweenany two neighborsi and j is denoted
dj 2 R", whereit is understood that of + dj = qC All desiredrelative vectors are constart
vectors,in length and orientation, and satisfy the following consistencyconditions:

For all (i;]) 2 E, dij = dji.
WhenM > N, 1,if (i;j), (j;1) and (i; I) arein E, then d; + d;; = d.

De nition 3. Given an admissibleoriented formation graph G = (V; E) and a formation
path, the formation vector F = (f1;::;fm+1) 2 R"™*D hascomponerts f; 2 R" de ned as

fi=qg q+dj; wherei=t(e);j=h(a) 8 =1:;M,

1
fua =a o q:§(ch+qz+06)3



For a stabilization objective, gy(t) = 0; 8t 2 R, and to be compatible with the cortrol
objective, gy = (¢f + ¢ + ¢§)=3. Clearly, the vehiclesare in formation whenF 0. Write
the linear mapping from q to F as:

F=Gg+d, G'= CyV : (2)

The vector d = (::5dy ;i ) hasthe ordering of the vectorsd; consisten with the def-
inition of F. The matrix VT = [V; ::: W,] 2 R" ™ haselemerts V; 2 R" " de ned
as L o

3lenyy if1=123

Vi= 0; otherwise

The matrix Cny 2 R"MNa M) s related to the incidence matrix C 2 RN= M where the
elemerts of C = [c; ] are de ned in terms of the elemens of the oriented edgeset E, as

8
< +1; vertexi = t(g)

¢Gi =. 1 vertexi= h(g) :
0; otherwise

The matrix Cn) is de ned by replacing ead elemen of C with that eleme multiplied by
| (ny. The incidencematrix for the examplein Figure 1 is

2 3
1

@]

I
oNoNolNoNoll i
oNoNoNol o)
OFrLPO0OO0OO0OO0OR
P OOOOOoOR
OO0OOkFrEFroo

P, OOOO

0

In de ning the cost function for the optimal cortrol problem, the following proposition
is useful.

Prop osition 1. The matrix G in equation (2) hasfull column rank, equalto dim(qg) = nN,.

Proof. Sincethe vector formation graph is connected,the incidence matrix C has rank
(Na 1) [4]. Scalingthe ertries of C with the identity matrix | ) implies the rank of Cy
is equalto n(N, 1). The matrix V in equation (2) hasfull column rank equalto n, and
eat column vector is linearly independert from the column vectorsin C¢,. Thus, G has
rank nN,, which is the column dimensionof the matrix.

Remark 3. For the rest of the paper, we shall usethe norm jjzjj to denotethe Euclidean
norm of any vectorz 2 R™. In caseswvherez is a curve, we abusethe notation jjzjj to mean
jjz(t)jj at someinstant of time t.



From the de nition of the formation vector, we know that Gqg° = d and so
iiFi?=(G(a d)'G(a d)=ija dige:

In the following we penalizejjFjj? and jjgjj? in the certralized cost function. To de ne the
objective in terms of the state z, we have that

G(q o) _ o _ G o0
q —@U(z z%); where 8= 0 lona

As a result, we have

iFii*+iidi®=jiz  Zigre:
In the next section,the optimal cortrol problem assaiated with the multiple vehicleforma-
tion stabilization objective is de ned for recedinghorizon cortrol.

3 Receding Horizon Control

In this section,we give the recedinghorizon cortrol law that achievesthe cooperative cortrol
objective, implemerted in a certralized fashion. The certralized integrated cost function of
interestis
X
L(z;u) = iig g+ diji*+ g i+ jidi®+ jjuii®;
()2 Eo

with positive weighting constarts ! ; and . Wereferto theterm! jjg  qujj? asthe tracking
cost, although we are concernedwith stabilization.

Remark 4. For collision avoidance,an appropriate cost function betweenany two agerts
is de ned in [23]. Alternativ ely, to guarartee avoidance, collision avoidance can be cast
as a constrairt, asin [26]. We do not incorporate any type of collision avoidancein this
paper, although coupling constrairnts between neighboring agerns will be discussedin the
conclusions.

From the previoussection, we also have that

IGTG 0

L(ziu) = jiz  z%ig+ jiui®; Q= 0 3)

l(nN )

From Proposition 1, Q is positive de nite and clearly symmetric. At any time t, given z(t)
and xed horizontime T, the certralized open-loop optimal cortrol problem s

Problem 1. Find

J (z(t);T) = m(ip J(z(t);u(); T);



with
Z it
J(z(t);u();T) = iz( sz(0) %5+ jju()ji*d +jjz(t+ Tiz(t) 23

t

subject to

2s) = Az(s) + Bu(s) 2

u(s) 2 UNa . S2[Lt+TL
z(s; z(t)) 2 ZNa :
z(t+ Tiz(t) 2 ( ); (4)
whereP = PT > 0 and
( ):=1z2R*a : jiz zj3 . 0g:

The equation (4) is called the terminal constraint, asit is a constrain enforcedonly at
the terminal or endtime. Let the rst optimal cortrol problem be initialized at sometime
to 2 R and let denote the receding horizon update period. The closed-lmp system, for
which stability is to be guararteed, is

z( ) = Az( )+ BUcen( ); to; (5)
wherethe centralized receding horizon control law is
Usee( ) = Ueenr( 52(1); 2 [t+ [ 0< T,

and u..(s;z(t)), s 2 [t;t + T], is the optimal open-loop solution (assumedto exist) to
Problem 1 with initial state z(t). The recedinghorizon cortrol law isde ned forallt tg by
applying the open-loop optimal solution until eat new initial state update z(t) z(t+ )
is available. This is what we meanwhen we say a cortroller is implemerted in a \receding
horizon fashion”, since the optimization horizon is always T secondsahead of ead new
update time. The reasonto usea sampling period shorter than the open-loop horizon time
is that, practically, there is uncertainty and applying only a fraction of the open-loop cortrol
beforere-samplingand recomputing mitigates the e ects of uncertainty. The notation above
shaws the implicit dependenceof the optimal open-loop cortrol ug, () on the initial state
z(t) through the optimal cortrol problem. The optimal open-loop state trajectory is denoted
Zeori (3 2(1)). SinceProblem1istime-invariant, wecansett = 0 and solvethe optimal cortrol
problem at ead initial state update over the time interval [O; T].

Proof of asymptotic stability of the closed-lmp dynamics under the receding horizon
cortrol implemertation can be establishedby taking the optimal cost function J () asa
Lyapunov function.

De nition 4. A feasiblecontrol is any admissiblecortrol sud that all state constrairts in
Problem 1 are satis ed and the optimal cost function is bounded. Let Z denotethe set of
statesfor which there exists a feasiblecortrol.
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Assumption 2. The following conditions are satis ed:

(i) the largestconstat > 0in the terminal constrairt (4) is chosensud that ( )
ZN= and the linear state feedba& u= K(z z°) and the positive-de nite, symmetric
terminal cost P satisfy

(A+BK)P+PA+BK)= (Q+ K TK) 6
K(z z82UNe: 822 ( ) (6)

(i) the optimal solution to Problem 1 exists and is numerically obtainablefor all z2 Z.

Theorem 1. [6, Theorem 1] Under Assumptions1 and 2, for any 2 (0;T], z° is an
asymptotially stableequilibrium point of the closel-loop system(5) with region of attraction
Z.

The stability result in [6] only requiresthat Problem 1 be feasibleat initialization, rather
than requiring the optimal solution at ead update. Also, is required to be su ciently
small sincethe authors considerquartization errorsin the numerical implemertation of the
recedinghorizon cortrol law.

Sofar, we have detailed the conditionsrequiredfor asymptotic stability of the certralized
recedinghorizon cortrol law. In the next section, N, optimal cortrol problemsare de ned
for a distributed recedinghorizon implemertation. It will be proven that, for su cien tly
fast updates (small ), the distributed receding horizon cortrol laws are asymptotically
stabilizing.

4 Distributed Receding Horizon Control

In this section, a distributed recedinghorizon cortrol law is de ned. We rst introduce
someuseful notation and de ne N, separateoptimal cortrol problems,that are solved and
implemerted in a distributed recedinghorizon fashion. Next, we analyzethe stability of the
closed-lmp system. Finally, we commert on alternative formulations.

4.1 Distributed Optimal Control Problems

In the certralized integrated cost, the non-separableermsjjg ¢ + d; jj2, for all (i; j) 2 B,
aswell asthe tracking term jjg  qujj2, couplethe statesof neighboring agerts. Recallthat
the set of neighbors of ead agert i is denotedN;. In somecasesjt will be easierto denote
the set of neighbors N; as i and both shall be usedinterchangeably

Letz i = (7,; :::;z,-jN”.) denotethe vector of statesof the neighborsofi, i.e.,jx 2 Nj; k =
1;::;;JNij, wherethe ordering of the statesis arbitrary but xed. Also,letq ; = (q,; :::;qjNij)
andu ; = (uj,; :::;uijij), wherethe ordering is consistet with z ;.
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De nition 5. The distributed integrated cost in the optimal cortrol problem for any agert
i =1 ::Nyisdened as

Li(z;z ;u) = Li(ziz )+ jiwii%

X Ny 0 #
where L%*(z;z ;) = Ejjq g + diji® + jiqii®+ La(i) ;
i2N;
L opdgy -~ sid @i i=123
> L) 0; otherwise

P . PO
Thus, 35 Li(z;z su)= L(zu)= jiz 295+ jjuj®.

From the de nition, the distributed integrated cost for any ager i includes: one-half of
ead relative vector penalty couplingi with ead neighbor j 2 N;, the velocity and cortrol
penaltiesfor i, and, if i is one of the three corevehicles(1, 2 or 3), one-third of the tracking
penalty. In addition, all terms are multiplied by a commonfactor , a constart greaterthan
one. In the proof of stability, the key structure is that the sum of the distributed integrated
costsequalsthe certralized costmultiplied by . For any problemwherethe certralized cost
can be decompmsedin the sameway, and the other stated assumptionshold, the stability
results that follow are applicable.

Remark 5. The stability results that follow do not depend on equal weighting of terms
between neighboring agens. What is required is that the distributed integrated costssum
up to bethe certralized cost, multiplied by a factor ( ) greaterthan one. The weighting will
of coursea ect the performanceof the closed-lmp system,so making the weighs lop-sided
would result in oneagen reacting more to the term than the correspnding neighbor. Note
that in the limit that one agert takesthe ertire term, while the other ignoresthe term, we
have a leader-follaver e ect.

At eadt update of the distributed recedinghorizon cortrol laws, every agert

sensests own current state and senser receivesthe current state of its neighbors,
and

computesthe optimal cortrol trajectory, comparingit to an assume cortrol trajectory
and basedon someassume cortrol trajectoriesfor its neighbors.

Prior to the next recedinghorizon update, every agen
implemerts the current optimal cortrol trajectory,
computesthe next assume cortrol trajectory, to be usedat the next update,

transmits the assumedrajectory to all of its neighborsand receivesthe assumectortrol
trajectoriesfrom ead neighbor.
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Implicit in the procedureabove is that the assumedcortrol for ead agert i is consisten in
ewvery optimization problem that it occurs,i.e., in the optimal cortrol problem for agert i
and for ead neighbor j 2 N;. Beforede ning the computation for the optimal and assumed
cortrol trajectories, we introduce somenotation.

De nition 6. Considera commoninterval of time [t;t + T] in the optimal cortrol problem
for every ageri i = 1;::;; N,. Asscciated with the initial state z;(t), we denote:

applied control ui(;z(t)) the cortrol beingoptimized in the problem and applied to
the systemover the subinterval [t;t + |;

assumed control  0;( ;z(t)) the cortrol to which the optimized cortrol is comparedand
which all neighbors assumei is employing over the interval:

The state trajectories correspnding to the applied and assumedcortrols are denoted
z(;z(t)) and 2( ;z(t)), respectively. For eah agen i, given the current state z; (t) and
assumedcortrol 0;(s;z(t)); s 2 [t;t + T], of every neighbor j 2 N;, the assumedstate
trajectory 2 (s;z(t)); s 2 [t;t + T], is computed using the dynamic model for that ager.
An important point is that the initial condition of every assumedstate trajectory is equal
to the actual state value of the correspnding agern at that time, that is

2(t;z(1) = z(t)

forewveryi = 1;::;;N,. Tobeconsisten with the notationz i, let2 ;(;z ;(t)) andd (;z i(t))
be the vector of assumedneighbor statesand cortrols, respectively, of agert i. With consis-
tent initial conditions then we alsohave that 2 (t;z i(t)) = z (t).

The distributed optimal cortrol problemsare now de ned. Denote the recedinghorizon
update times asty = to+ Kk, wherek 2 N = f0;1;2;:::9. Commonto eat problem, we are
giventhe constat 2 (1;1 ) from De nition 5, update period 2 (0;T) and xed horizon
time T. Conditions will be placedon the update period in the next sectionto guarartee
stability of the closed-l@p system. The collection of distributed open-loop optimal cortrol
problemsis

Problem 2. Foreweryagernti = 1;:::; N, andat any updatetime ty, givenz;(ty), 2 i(tx;z i(tx)) =
Z i(tk), and 0i(s; z(tk)) and 0 i(s;z i(tk)) for all s 2 [tx;tx + T], nd

Ji (zi(tk);z i(t); T) = run(ir;Ji(zi(tk);z i(t);ui(;zi(t)); T);

whereJi(zi(tx);z i(tk); ui( ;z(tk)); T) is equalto

Z 1
Li(z( ;zi(t));:2 i( 5z it uwi( szit) d + izt + Tizi(te)  Zfip;

tk
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subject to

z(s;zi(tk)) = Aizi(s;z(ty)) + Biui(s; z (k) %
2(s;z () = Aj2(s;z(t) + Bj0j(s;z(tk)); 8 2 Ni 2
ui(s;zi(ty)) 2 U s2 [te;t + TI;

z(s;zi(t) 2 Z
jui(szi(ty)) Gi(s;zit))ii 2
zi(te + T;zi(t)) 2 i("i); (7)
given positive constart 2 (0;1 ), P; = P,T > 0 and where
()= z2R™ iz Zfp it 0

= WAW

As part of the optimal cortrol problem, the applied cortrol for i is constrainedto be
at most a distance of 2 from the assumedcortrol. We refer to this constrairt as the
control comparison constraint. Naturally, the constraint is a meansof enforcinga degreeof
consistencybetweenwhat an agert is actually doing and what neighbors believe that agert
is doing. The assumedcortrol for ead agen, aswell as ead terminal cost weighting P;,
will be de ned below.

Remark 6. Instead of communicating assumedcortrols, neighboring agerts could compute
and transmit the correspnding assumedstate, sincethat is what ead distributed optimal
cortrol problem dependsupon. That would remove the needfor the di erential equation of
eat neighbor, simplifying ead local optimization problem. We shall discussthis further in
Section4.3.

The optimal solution to eat distributed optimal cortrol problem, assumedto exist, is
denoted

Ug( 5 zi(tk)); 2Lt + T
The closed-lmp system,for which stability is to be guararteed, is
z( )= Az( ) + Bugg( ); to (8)
wherethe distributed receding horizon control law is
Ugist ( 32(t)) = (Uga( 5 Za(ti)); 25 Ugn, (5 2na (1))

for 2 Jt;tk+ ]; 0< < T and k 2 N. As before, the recedinghorizon cortrol law is
updated when ead new initial state update z(tx)  z(tx+1) is available. The optimal state
for agent i is denotedzy( ;z(ty)), for all 2 [ty;tx + T]. The concatenatedvector of the
distributed optimal statesis denoted

Zgist (32(t6)) = (Zar( 5 2a(t))s 2255 Zan, (5 2na (1))

for all 2 [tg;tx + T]. Although we denotethe optimal cortrol for agert i asug( ;z(tk)),
it is understood that this cortrol is implicitly dependert on the initial state z;j(tx) and the
initial statesof the neighbors z ;(tk).
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Assumption 3. The following conditions are satis ed, for every i = 1;:::; Na:

(i) the positive constarts "; > 0 are chosensud that (") Z and sud that an
asymptotically stabilizing feedba& u; = Ki(z; z°) and positive-de nite, symmetric
matrix P; satisfy

(Ai + BiK{)TP; + Pi(Ai + BiKi) = (Qi+ K [Kj) 9
Ki(ze z)2U; 8z2 i("): ®)

Moreover, Q; is chosensud that @ = diag(Q;;::;;Qy,) satises @  Q, whereQ is
de ned in equation (3);

(i) at any recedinghorizon update time, the collection of open-loop optimal cortrol prob-
lemsin Problem 2 are solved globally syndironously;

(i) communication of cortrol trajectories betweenneighboring agerts is lossless.

Remark 7. The recedinghorizon cortrol law is employed for all time after the initialization
and the decoupledinear feedba&s K ; neednot be employed, even after agent i erters (").
The valuefor "; simply determinesthe sizeof the setover which the conditionsin Assumption
3 aresatis ed. It may be desiredthat an agern switch from the recedinghorizon cortroller to
the decoupledlinear feedba&s onceinside the terminal constrairt set, known as dual-mode
recedinghorizon cortrol in the literature [20]. Generally "; could be chosento satisfy the
conditions in Assumption 3 and the additional condition

\
i(") i("j) =, foralli;j = 15 Na; 165

sothat onceinside (";), any agen i is closerto its objective state than any other agers
objective state. In that case,the ageris employ the decoupledfeedbags only if they are
closeenoughto their objective state and far enoughfrom any other ageris objective state.

Remark 8. Dueto condition (ii) above,the distributed recedinghorizon cortrol laws are not
technically decertralized, sincea globally syndironousimplemertation requirescertralized
clock keeping[3]. Howewer, a locally syndironous, and consequetly decertralized, version
is alsocurrently being constructed[9].

Although not employed, the decoupledlinear feedba&s K; can asymptotically stabilize
ead agen to its objective state oncethe agen eners the decoupledterminal constraint set
(7). One choicefor Q; that would satisfy@ QisQi = max(Q)ln), Where a(Q) is the
maximum eigervalue of the symmetric matrix Q. De ne

0 = diag(K 1; 5 Kn,); b= diag(P1; 355 Pn,):
As a consequencef assumption(i) above, P is positive-de nite and symmetric, and satis es

A+BlR B+bB A+BR = B+ RTR o+ RTR :  (10)

We now de ne the initialization procedurefor the distributed recedinghorizon cortrol law,
and the assumedcortrol for ead agent at ead update time.
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De nition 7. (Initialization ) Denotetimet ; =1ty . Solwe Problem 2 with initial state
z(t 1), setting O;( ;z(t 1)) = Oforall 2 [t ;;t 1+ T]andewveryi = 1;::;;N,, and also
setting = +1 . The optimal trajectoriesare denotedug( ;z(t 1)) and z;( ;z(t 1)), for
ewery i = 1;:::;;Na. The optimal cortrol ugg ( ;z(t 1)) is appliedfor 2 [t 1;tg].

At initialization, the cortrol comparisonconstrairt is e ectively removed by setting
to a large number. The assumedcortrols at initialization will have an impact on closed-
loop performance. If instead the certralized problem were solved at time t ;, and the
solution disseminatedto the agerns, the closed-lmp performancemay be closerto that of
the certralized implemertation. In the simulation results, we note that the performanceis
already closeto that of the certralized implemertation using the initialization procedureas
de ned above.

De nition 8. (Assumed Control ) For eat agert i = 1;::;;N, and for any k 2 N, the
assume control 0;( ;z(tk)) : [tx;tk + T]! U is de ned asfollows:

if z(tx) = z% then O;( ;z(ty)) = O; 2 [ttt + T;

! : _ Ug( szt 1); 2 [t;te 1+ T] :
otherwise(y( ;z(tk)) = Kdi(Zik( ;deiztk L+ T;Zi(tk 1))) Zic); 2 [tt 1k+1T;tk + T] ;

where zX(s; z¥(0)) is the closed-lmp solution to
ZX(s) = (A + BiKi)(z"(s) z°); s ©O; givenz(0):

The assumedcortrol for agert i at initial time ty is generatedand transmitted to ead
neighbor j 2 N; in the time window [tk 1;tk].

To state De nition 8 in words, in Problem 2 every agert is assumingall neighbors will
corntinue along their previousoptimal path, nishing with the decoupledlinear cortrol laws
de ned in Assumption 3, unlessthe cortrol objective is met at any update time after ini-
tialization. In the latter case,neighbors are assumedto do nothing, i.e., apply zero cortrol.
Notice that the comnunication of cortrol trajectories between neighboring ageris is not
requiredto happen instantaneously but over eat recedinghorizon update time interval.

Remark 9. The test of whetherz(ty) = z€in generatingthe assumecdcortrol is a certralized
test. The reasonfor the test is its usein the proof of Proposition 2 in the next section. We
note that the asymptotic stability result in the next sectionguararteesthat only in the limit
asty! 1 dowehavez(ty)! z° Practically then, onecould assumez(ty) 6 z¢ which is
true for any nite k whenz(t ;) 6 z° and ignore the test completely Also, if dual-mode
recedinghorizon cortrol is used,the test can be removed, sinceProposition 2 is not usedto
prove asymptotic stability in that case. A dual-mode versionwill be provided in the next
section.

If J; (zi(t 1);z i(t 1);T) = O for any agert i, then it can be shown that z(t ;) = z' and
zi(t 1) = zf, for ead neigtbor j 2 Nj, is the unique feasiblesolution, i.e., the local objective
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hasbeenmet. Howeer, evenif J; (zi(t 1);z i(t 1); T) = 0, it may not remainzerofor all k 2
N. An exampleis wherei and all neighborsj 2 N; areinitialized meetingtheir objective, but
somel 2 N; hasnot met its objective. Thus, in the subsequetoptimizations, j will reactto
[, followed by i reactingto j, sincethe coupling costterms becomenortrivial. Consequetly,
we can not guarartee that ead distributed optimal value function J; (z(tk); z i(tk); T) will
decreasewith ead recedinghorizon update. Instead, we shaw in the next sectionthat the
sum of the distributed optimal value functions is a Lyapunor function that doesdecreaseat
eat update, enablinga proof that the distributed recedinghorizon cortrol laws collectively
meetthe cortrol objective.

4.2 Stabilit y Analysis

We now proceedwith analyzingthe distributed recedinghorizon cortrol laws. At any time
tx, k 2 N, the sum of the optimal distributed value functions is denotedas

Ya
J (z(t);T) = Ji(z(ta);z i(te); T):
i=1
For stability of the distributed recedinghorizon cortrol laws, we investigateJ (z(tx);T) as
a Lyapunov function.

De nition 9. Problem 2 is feasibleat time ty if for every i = 1;:::; N4, there existsa cortrol
Ui(;zi(tk)) : [tk;t+ T]! U sud that all the constrairts are satis ed and the value function
Ji(zi(tW);z i(tk);ui(); T) isbounded. Let Z Z Na denotethe setof initial statesfor which
Problem?2 is feasibleat initialization (time t =t ;), asde ned in De nition 7.

Lemma 1. Under Assumptions1 and 3, Z is a positively invariant set with respct to
the closel-loop system(8) setting ug( ;z(tk)) = 6i(;z(tk)) for everyi = 1;::;;N, and for
k 2 N. Thus, feasibility at initialization implies subsguentfeasibility.

The proof follows immediately from De nitions 7 and 8. Note that the assumedcortrol
0; is exactly the feasiblecortrol trajectory usedin Lemma 2 of [6] to show initial feasibility
implies subsequen feasibility of the on-line optimization problem in the certralized case.
Clearly, z° is in the setZ .

Remark 10. Sincewe will be exploring the closed-lmp behavior for initial statesthat start
in Z , we canimmediately infer that any closed-l@p state trajectory will remain bounded.
Speci cally, if an initial state can be drivento the compactterminal constraint setin nite

time using boundedcortrol (U is compact), then the optimal trajectory from that state will
remain bounded. In the bounding argumert for the proof of stability, we will make use of
the notation

izg( 5te) zZj R; forany 2 [te;te+ T]; k2 N; foralli = 1;::; Ng: (12)

Moreover, let Unax > 0 be a positive scalar denoting the maximum-norm value over all
feasiblecortrols u(t) 2 U at any time t.
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We make the following assumption.

Assumption 4. The optimal solution to Problem 2 existsand is numerically obtainable for
any z(tx) 2 Z .

Given the additional assumptionabove, we have the following result.

Lemma 2. Under Assumptionsl, 3 and 4, Z is a positively invariant set with respgct to
the closel-loop system(8). Thus, if z(t 1) 2 Z , zu,( ) 2 Z for all t .

The next result says that the net objective of the distributed recedinghorizon control
laws is consistert with the cortrol objective.

Prop osition 2. Under Assumptions1, 3 and 4, for a given xed horizon time T > 0 and
at any time ty, k 2 N,

1. J (z(t);T) Oforanyz(ty)2Z ,andJ (z(tx);T) = 0if andonly if z(tx) = z€,
2. J (z(tk); T) is continuous at z(ty) = z°.

Proof. The proposition is similar to LemmaA.1 in [5]. We prove item 1 here,while item 2

follows closelyalong the lines of the proof in the lemma.

1. The non-negativity of J (z(tx); T) follows directly from L;(z;2 ;;u;) OandP; > 0, for

alli = 1;:::;N,. It remainsthereforeto prove that equality to zerois equivalert to z(ty) = z°.
O )J (z(t);T) = Oimpliesthat for ead i = 1;:::; N,

iza(t+ Tizi(t) 253 = 0 and

Z ty+T
Li(Zgi( 5zi(t));2 i( 52 i(t);ug( 5zi(te))) d =0
tk
Sincethe integrand is piece-wisecortinuousin  on [ty;tx + T] and nonnegative, we have
that
Li(zgi( zi(te));2 i( 52 i(t))sug( szi(te))) = 05 8 2 [tigte + T,

andforeweryi = 1;::;;N,. From De nition 5, this impliesug ( ;z(t)) = Oandqy( ;zi(tk)) =

0, for all 2 [tx;tx + T], meeting the cortrol objective for the velocity for ewvery i. Fur-

ther, sincethe distributed optimal velocity is idertically zero, q( ;q(tk)) = g(tk), for all
2 [tx;t + T] and every i. Finally, from the distributed terminal costs,we have

Jizi(tk) zicjjﬁ,i =0; foreweryi=1;::;Nj:

Sinceewery P; is positive de nite and is positive, z;(tx) = z° for every i, which is equivalert
to z(ty) = z°% We must also guarartee that the resulting distributed optimal cortrol and
state are feasible. The constraints z,( ;z(t)) 2 Z and ug( ;z(t)) 2 U aretrivial, since
z¢ and O are in the interior of Z and U, respectively, by Assumption1. Also, z' 2 (") so
the terminal constrairt is satis ed. Finally, sincez(tx) = z by De nition 8, 0;( ;z(tx)) = 0
forall 2 [tg;tx + T] and every i, sothe cortrol comparisonconstrairt is alsosatis ed.
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(( ) Givenz(tk) = z¢ by De nition 8 we havethat foreadi = 1;::;;Ng, Gi( ;z(tk)) =0
forall 2 [tg;tx + T]. Consequetly, §( ;z(tx)) = q(tk) = Oand §( ;z(tk)) = Gg(tk) = ¢,
forall 2 [tg;tx + T], and everyi. For any agen i, the local value function becomes

Ztk+T X n|

0
'EJ'J'Q( (zi(tk) o7+ jal ;zitt)iz+ diw( ;zit)ji? d
tk j2N
+ izt + T;z(t)  Zligs

using ¢ + d; = ¢, for ead neigtbor j 2 N;. If i is a core vehicle (i.e., i is 1, 2 or 3),
we also have an addition term due to the tracking cost. In any case,given z;(tx) = z, the
optimal and feasiblecortrol for eat open-loop optimization problem is ug( ;z(tk)) = 0
for all 2 [tg;te + T]. Therefore, g;( ;z(tk)) = 0 and q;( ;G(tk)) = g(tk) = o, for
all 2 [t;tx + T]. Sincethis holds for any i, ewery J, (zi(tk);z i(t); T) = 0 and so
J (z(tk); T) = 0.

The condition if z(tx) = z° then 0;( ;z(tx)) = 0 in De nition 8 was usedin showing
the equivalenceof J (z(tk); T) = 0 and z(tx) = z° For a dual-mode implemenrtation,
this equivalenceis not required, eliminating the needfor this condition in constructing any
assumedcortrol.

Our objectiveis to shaw the distributed recedinghorizon cortrol law achievesthe cortrol
objective for su ciently small . We begin with three lemmasthat are usedto bound the
Lyapunov function candidateJ (z(tx);T). The rst lemma givesa bounding result on the
decreasen J (;T) from oneupdate to the next.

Lemma 3. Under Assumptionsl, 3 and 4, for a given xed horizontime T > 0, there exists
a positive constant > 0 suchthat

Z et Xa
J (Z(tk+2);T) I (2(t); T) Li(zg( 5zi(t));2 i( 5z i(t)) d + 2
t i=1
forany 2 (0;T] andfor any z(ty) 2 Z , k2 N.
Proof. The sum of the optimal distributed value functions for a given z(tx) 2 Z is

Z t+T Xa
J (z(tk);T) = Li(zgi( 5zi(t));2 i( 52 i(t));ug( 5 zi(t))) d

t i=1
+ Jizas(te+ Tiz(t))  ZCig:

Applying the optimal cortrol for some 2 (0; T] secondswe are now at time ty,; = ty +
with new state update z(tx.;). A feasiblecorirol for the optimal corirol problem of eat
agert over the newtime interval 2 [tgsr;tesr + T]is Ui(;Zi(tke1)) = Oi(; zi(tks1)), given
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in De nition 8. Thus, we have for any i = 1;::;; Ny,

VA teer +T
Ji(@i(t1);Z i(tken); T) = Li(Zgi( ;zi(ts1)): 2 i( 52 i(teen))sUgi( 5 Zi(tesn))) d
Z + Jjzg (teer + T5Zi(tkea)) Zicjjg,i
teer +T
Li(2( ;zi(t+1)):2 i( 52 i(tks2)); 0i( 5Zi(tksr))) d

+ jjz‘l(tkﬂ + T;Zi (tk+1 )) Z|CJJ |23i:

Summingover i, we canupper bound J (z(tx+1); T), and comparingto J (z(tx); T) we have

Z tk+ X‘a
I (Z(te2); T) I (2(te); T) + Li(zai( 5zi(t))i2 i( 52 i(t))sugi( 5 zi(t))) d
tk i=1
Z t+ T Xa
Li(2( ;zi(tesa));2 (52 i(teen)); 0i( 5 Zi(teen))) d
tk+1 i=1
Z ty+T %a
Li(zgi( 5zi(t)); 2 i( 52 i(t)); ugi( 5zi(t))) d
et =1
Z ke +T Ka
+ Li(2( ;zi(t));2 i( ;2 i(tk+1));0i( 5Zi(tk+a))) d
L+ T i=1
Xa
+ i2(ter + Tszi(tea ) Z0ip, izas(te+ Tiz(t)  2Cig:
i=1

Using the notation 2( ;z) = (21(;z1); 35 28.( 5 2Zn,)), We Obsene that

Xa
it + T5zi(ten))  ZUip, = G2t + T52(tkan ) Zig s
i=1
andalsothat 2(tx+ T;Z(tk+1)) = Zgg (tkt T;2(tk)). Fromthe de nition foread 0i( ;z(tk+1))
with 2 [ty + T;txs; + T] and using the notation in equation (10), we also have

%a
Li2i( zi(ten))i2 652 i(tn)); 005 zi(ten))) = 120 5 2(tkn)) 2l

i=1
where® = Q+ WRTR. Finally, from the properties of the feedba& in Assumption 3 and
the notation in equation (10), we have
Z tk+1 +T

2tk + Tiz(ten)) V0 20+ Tiz(ten))  2Cip = i2( ;z(tka))  ZiGed

ty+T
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whereQ%= &+ KRTIR and Q° ®. Thus, we can write
Z

tisr +T Xa
] Li(2( ;z(tk+1)):2 i( 5Z i(tke2)); Oi( 5 Zi(tksn))) d
et i=1
%a
+ 2ty + T5zi(tk)) 21 iZas (e + Ti2(6))  Z%i%
= Z t +T
= o i2( 5 z(tk+1)) chjéo od O:
Now, we have
Z ty+ %a
J (z(tk+1);T) J (z(tk); T) + Li(zgi( 5zi(tk))s2 i( 5z i(t))sug( 5zi(t))) d
Z te+ T Wa k -
Li(2( ;zi(tke1)):2 i( 52 i(tk+2))s 0i( 5 Zi(tksn))) d
tk+1 i=1
YA tk+T %a
Li(zgi( 5zi(t));2 i( 52 i(t)sug( 5zi(t))) d
tk+1 i=1

By de nition, eah 2( ;z(tk+1)) = Zg( ;zi(tk)) and 0;( ;z(tk+1)) = Ug( ;z(tk)), overthe
interval 2 [tg+1;tk + T]. Consequetly, we have from De nition 5

Z

tk+ T )@a
Li(2( ;z(t+1)):2 (12 i(tks2))s Oi( 5 Zi(tksr))) d
Tk+1 i=1
Z te+ T Xa
Li(zgi( ;zi(t));2 i( 52 i(tk)sug( 52zi(t)) d
tevr =1

Z tk+T %a X I n B
= > i 5zilte)  a5( 5z (k) + dy i
tst =1 j2N; o

i ( 5zite)  §(;qt)) + djji> d
Z t+T X L
+ é—7 (5 zilte) + o5 (57 (t) + oy 5zi(t))  3oii?

tiws iij ;N2E
(it ;N 2Ec 0

iz + §(5z(t) + a( ;z(t)  3wii® d;

where E; = f(1;2;3);(3;1,2);(2;3;1)g. For the remainder of the proof, we are interested
in nding an upper bound for the expressionon the right hand side of the equality above.
Considerthe terms in the rst integral

Jo( 5zitt)  o5( 5z t) +dii®  jjo( szitt) G g (t)) + dyji%
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overtheinterval 2 [ty+1;tk+ T]. The rst term canbeboundedusingthe triangle inequality
as

io( 5zilte)  a5( 5z (k) + dyji®
=i ( 5zit) 9y 5z() 4 ;g () + dyji®
B 5zitt)  GCqt)) + diii*+ia(gt) o5 5z t)ii?
+ 210y ( 5zitt)) (g t)) +didi GG 5qt))  a5( 5z ()i
With this upper bound, we have a cancellation with the negative term jjq,( ;z(tk))

q( ;q(t) + djjj? in the integral. Now, consideringthe terms in the secondintegral,
particularly the rst term, we can usethat samebounding argumert to get

g ( zi(t)) + ag( 7z (t) + du( 5zi(t)  3auii®
= igu( z(t)) + a5 ( 5z (t)) + au( sz(t))  G(:z(t)  a(;z(t)) 3
g zit) + 8 5z(t) + a( ;2(t))  3aujj?
+ 205 ( 5z(t)) + (57 () + a( ;2(t) 30l
g (zt) (7)) + a( z)  a(;zt)i
+iigg (7)) G( 5zt + a( ;z(t) 4l ;zt)i*

Using the triangle inequality againwe bound the term

I (5z(t))  GC 7)) + a( sz(t)  a( ;z(t)i
g5z 40z + did( sz2(t)  al ;zt)i:

Substitution bad into the integral equations, after cancellations, yields an upper bound
given as

Z t+T Xa X | N
'5 jgui( szi(t)  G(sqt) +diji HG(:q(t) a5 5z (t))ii
teet =1 j2N;
0]
+iG(5qt) o5 ( 5z (t)i? d
Ztk+T X ! n
+ >7 i0s( ;zt)) + §( ;z () + a( ;z2((t)  3wil

et (i 1)2Ec
g5( ;7)) Gz DI+ g sz2(t))  a( ;zt))ii
+oiggCzm) GGz + i am) 6 ;at)i © d:
Since ead term in the integral is non-negative, we can upper bound this expressionby

extending the interval of integration from [ty.1;tx + T] to [tx;tx + T]. The reasonfor doing
this is that for any j = 1;::5;Na, z4 (t; Z (t)) = 2 (t; z (t)), thereby matching the initial
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conditionsfor the two trajectorieswe are comparing. Now, for any j, we canbound the term

Z
g (5z(t)  GC ;7)) igg(s;z(t))  G(s;z(t))ij ds
Z% Z
jiug( 5z () 0( ;z(tk))jjd ds
Ztk Ztks .
2d ds = > 20 )%

From equation (11), and using the triangle inequality and ¢ + dj = ¢, we can alsobound
the term

Ja(iztd) qC:qtd) +diji  jia(z(t)) of+igq( qt) o 2R
Similarly, using ¢f + o§ + ¢§ = 3y, we have

1 (5zi(t)) + 6 ( 5z (t)) + a( ;2(t)) 3]
Jei( sz(td) ol +iia(:qtd) qii+ia atd) qi 3R
Pn, P
Note that = 12 i2n; 172 = M, whereM is the number of relative vectors usedto de ne

the formation objective in Section2. Substitution in the integral equationsyields the upper
bound

Zi+T Ra X N 0
> 2R 2( )P+ 2 )=
tk i=1 j2N;
X ! : 2 2 2 4 40#
+ — 6R t )+ t d
e 57 ( k) ( k)
Z tk+T
= | (6M + 2R ?(  t)?=3+ GM=4+59) 24 t)*5 d
tk

21 T32M +2=3) 3R+ ?T?:

For the last term in the brackets to be a constart independert of , we can bound the
expressionby setting = T inside the bradkets, since 2 (0;T]. Finally, we have

J (z(tk+1);T) J (z(tk); T)

Z te+ Xa
| L7(zg( 5zi(t));2 i( 5z i(t);ug( szit)) d + 2
Z\t
Li(zg( ;zi(t));2 i( 5z () d + 2
U i=1
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where
= 1 T32M +2=8) 3R + T*: (12)
This completesthe proof.

Ultimately, we want to shav that J (; T) decreasesrom one update to the next along

the actual closed-lmp trajectories. The next two lemmasshaow that, for su ciently small

, the bounding expressionabove can be bounded by a negative-de nite function of the
closed-lap trajectories.

Lemma 4. Under Assumptions1, 3 and 4, for any z(ty) 2 Z , k 2 N, suchthat at least
one agenti satis es zj(tx) 6 z°, and for any positive constant , there existsa (z(tx)) > O
suchthat

Z te+ Wa Z t+

Li(za( 5zi(t)); 2 i( 5z (k) d 2 iz 52(t))  2%ig d ;
tx i=1 tk
for any 2 (0; (z(tk))]. If z(tx) = z% then the equation alove holdswith (z(tx)) = O.
Proof. At time = ty, z,(tk;zi(tk)) = zi(tx) and 2 i( ;z i(tk)) = z i(tk), and so

a %a
LiZa(tzi(t));2 itz i) = Li@(t);z i(t) = iz(t)  ZCii;
i=1 i=1
wherethe last equality is from De nition 5. SinceQ > 0, > 1, and at least one agen i
satis es z(tx) 6 z°, we have that z(tx) 6 z° and

%a
L7 (Zg (ti; zi(6))5 2 i (b Z i (t)) > jiz(te)  25i% > O
i=1

Equivalertly, we have

%a
L7 (Zg (t; Zi(t)5 2 i (ta 2 1(t) > JjZgiss (tis 2(6)) Z5i%: (13)

i=1

Under the assumptions,z; ( ;z(tk));z i(s)) and 2 i( ;z i(tk)) are absolutely cortinuousin

, forany i = 1;::;; Na. Any quadratic function of z;, and 2 ;, including ead L7, is therefore
absolutely cortinuousin . Thus, for any given > 0, we can choosea (z(tx)) > 0 sudt
that forany 2 [tc;te + (2(ty))),

%a
Liza( 5z(t));2 (52 i) > 20 t) +izge( 52(t))  Zid;

i=1
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and equality holdswhen =ty + (z(tx)). That is, tx + (z(tk)) is the rst time at which
the two sidesof the inequality are equal. Choosingsud a (z(tx)) > O is possibleeven if
eah L} is adecreasingunction of andjjzg( ;z(tk)) ijjé is an increasingfunction of ,
becauseof the initial margin in equation (13) and also becausethe functions have bounded
rate. The latter statemert follows from the functions beingquadratic, thereforethe gradierts
are linear, and from the bounds on the state and cortrol trajectories, as stated in Remark
10. By integrating both sidesin  over the interval [ty;tx + (z(tx))], the inequality still
clearly holds. Howewer, a larger value of (z(tx)) can be obtained, sincewe are interestedin
comparing the integral equationsin the rst place, rather than comparingthe expressions
over all valuesof 2 [ty;tx + (z(tk))]. Again, evenassumingin the worst casethat ead L?
is a decreasingunction of , while assumingjjzy ( ;z(t)) z%j3 is an increasingfunction
of , we still have that for any given > 0, there existsa (z(tx)) > 0 sud that

Z f+ () Xa
Li(za( 5zi(ta));2 i( 52 (W) d
t i=1
Z e+ (2(t0) ) ,
= 2( ) + Jizga( ;z(t) Zz%g d
tk
. L ey ,
= () + jizase( 52(tk))  2%jgd:  (14)
tk
Finally, we have
Z tk+ %a 2 Z tk+ . i
Li(zgi( 5zi(t));2 4( 52 i(t)) d + izgse( 52(tk))  2%jg d

ty i=1 ty

for any > 0 no biggerthan (z(tk)), i.e.,forany 2 (0; (z(ty))]. If z(tx) = z° then both
integrandsareidertically zero(seeproof of Proposition 2). As a result, we immediately have

(z(t)) = O.

Remark 11. For a given value of > 1, asjjz(tx) z%j decreasesso doesthe margin
in equation (13). Consequetly, as the states approad the cortrol objective, the value of

(z(tx)) that satis es the integral equality in equation (14) decreasesin fact, asz(ty) ! z°,
the equationrequiresthat (z(tx)) ! 0. This correspndsto an increasinglystrict constrairt
on the deviation of the optimized cortrol from the assumedcontrol asjjz(tx) z°j decreases.
It alsorequiresthat communication of cortrol trajectoriesmust happenat anincreasingrate,
and with in nite bandwidth in the limit. Later, we will construct an update time that is
su cien tly smallto guarartee that all agens have readed their terminal constrairt setsvia
the distributed recedinghorizon cortrol, making it safeto henceforthapply the decoupled
linear feedba&s (dual-mode). The su cien tly small value for the update period then senes
as an upper bound on how small the value of must be for dual-mode distributed receding
horizon cortrol.
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The lemma above provides a test on the update period that later is usedto guarartee
distributed recedinghorizon cortrol stability. It would more be usefulto have an analytic
expressiorfor the test. Sud an expressionis di cult to obtain, sincethe trajectoriesin the
integralsin equation (14) are implicity de ned and therefore hard to analyze. Howeer, by
making an assumptionthat approximates and simpli es the functions in the integrals, we
are able to obtain an analytic bound on the update period.

Assumption 5. The interval of integration [ty;tx + ] for the expressionsn equation (14)
is su cien tly small that rst-order Taylor seriesapproximations of the integrandsis a valid
appraximation for any z(ty) 2 Z . Speci cally, we take

Wa
L7(zgi( 5zi(t));2 i( 5z i(t)))
i=1
Xa n
izt)  Zig+ () aLi@)iz ()T (AZ(t) + Biug (ki Zi(t)

i=1 o
+jon T g L{(Zi(6):Z i(t) T (A Zi (1) + B0y (t; 7 ()

and
izas(2(t)) 205 diz(td)  Zg+ ( t)2(z(t) 29T Q(AZ(tk) + BUge (tk; Z(tk))) ;
and ignore terms that are O(( tx)?) and higher-order.

Lemma 5. Under Assumptionsl and 3{5, for any z(tx) 2 Z , k 2 N, the margin in Lemma
4 is attained with

( Diizt) i3 :
+ (1) max(Q) (RZ+ UZ,)’

given the state and control boundsR and Uy, respectively.

(z(t)) =

Proof. From equation (14), for a given z(tx), we want to choosea sud that
z

et Ka
Li(zg( 5zi(t));2 i( 52 () dizam( 52(tk) i d 20
t i=1
with equality when = (z(tx)). Substitution of the Taylor seriesexpressionfrom Assump-

tion 5 into the integralsresultsin

( © ( Diztd zfid; (15)
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where C conbinesthe rst ordertermsin the expansionsgiven as

")@an

C-= %r oL@tz i(t) Talt) +  alt)ug(te; zi(t))
i=1

1 (0]
togan T o LIz () Z (1)) Tg (ty)

n

#
0
(a(t)  d)TGTGAt) + altk)" Ugie (ti; Z(t))

Note that the dependenceon 0; disappears since ead L; is not a function of g for any
neighbor j 2 N;. Sinceall r L; inner-product terms are consistet with the state z(ty), we
can conbine the sumto be

Xa g 1 0
=1 o LE(zi(tk); Z i (t)) Td(te) + T o L7(zi(t); Z i (1) T g (t)

2
= I (qts) o)"GTGa(ty):

i=1

Consequetly, we can simplify C as
C=( 1!'(qt) )G Gat) + alt)" Ugis(te; z(t))
= Dt 29" Qzyg (te; 2(t)):

SinceC is the inner-product of (in general)di erent vectors,it could be positive or negative.
In equation (15), ( 1) > Oisgivenand > 0 is given and we are looking for the largest
sud that the inequality holds. Note that if C , the inequality holds for any positive .
In the worst-case,the constart C will be a negative number, removing more of the margin
for . More precisely we rst obsene that for any two vectorsx andy,
xTy  maxfjj xji% jiyii®o:
From this, and using the bound assumptionsin equation (11), namely

izt Z%9% R% O and jizgg(tcz(t))ii®  R®+ Una;

we have .
QP(z(t) 2% Q%Pzyg(te: z(t)) max(Q) R+ UZ,
So,in the worst case,we have that must satisfy
+ ( 1) max(Q) R2 + Ur%ax ( 1)jjz(tk) chjé;

or, equivalertly,

( Diz(t) g :
+ (1) max(Q)(RZ+ UZ,)
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The inequality above becomesan equality when = (z(tx)), giving the stated result.

Consistent with the obsenation in Remark 11, we seethat (z(tx)) ! Oasz(tx)! z°
For an analytic test on the update period , we can combine the equation for (z(ty)) in
Lemmab5 and equation (12) for , to obtain

( Dijzt) 2% .
+ o max(Q) (RZ+ Uz,
Note that equation for (z(tx)) in Lemma 5 is made slightly more consenative here by

replacing ( 1) with  in the denominator term. This is doneonly to facilitate analysis
that follows.

(z(t)) = (16)

Remark 12. The upper bound on the update period in equation (16) has someinteresting
features. The bound is relatively independent of , particularly if 1. The larger the
allowable boundson the state and cortrol (R and Up,a), and the larger the horizontime T,
the smaller the required update time. With regardto the cortrol compatibility constrairt,
i.e. that the optimized cortrol deviate from the assumedcortrol with a norm value at most

2 | the update must also be faster for larger valuesof . Given the conserative nature
of the proofs, it is not wise to infer too much from the bound in equation (16), but it is
reassuringto obsene sud intuitiv e a ects. Additional commerts on the consenatism of the
result will be stated at the end of this section.

We also note that since (z(tx)) dependson jjz(ty) z°jjé, a certralized computation is
requiredto generateequation (16) at ead recedinghorizon update. Otherwise,a distributed
consensusalgorithm, as given in [24] for example, must be run in parallel to determine
jiz(te)  z%j%, or a suitable lower bound oniit. In the dual-mode versionde ned below, no
sudh certralized computation is required on-line, sincea xed bound on the update period
is computedo -line and applied for every recedinghorizon update.

The rst main theorem of the paper is now given.

Theorem 2. Under Assumptions1 and 3{5, for a given xed horizon time T > 0 and for
any statez(t ;) 2 Z at initialization, if the updatetime satises 2 (0; (z(tx))], k2 N,
where (z(tk)) is de ned in equation (16), then z° is an asymptotially stable equilibrium
point of the closal-loop system(8) with region of attraction Z , an open and connected set.

Proof. If z(tx) = z% 0i( ;z(tk)) = Oforall 2 [ty;tx + T] and ewery i = 1;:::; Ng, then the
optimal solution to Problem 2 is ug ( ;zi(tk)) = Ofor all 2 [tg;tx + T]. This is showvn
in the proof of Proposition 2. SinceAz°® = 0, z° is an equilibrium point of the closed-lmp
system(8).

We obsenethat J (z(tx); T) hasthe following properties

J (z5T)=0andJ (z(tk);T) > O for z(tx) 6 z°,

J (z(tx); T) is cortinuousat z(tx) = z€,
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alongthe trajectory of the closed-lmp systemfrom z(to), wherez(to) = zy (to; z(t 1))
for any initial state z(t 1) 2 Z ,

Z,
J (2(tn);T) I (2(t);T) izgs () Zhigd;

9%

for integersk;mwith 0 k<m 1.

The rst two properties follow from Proposition 2. The last property is derived as follows.
Combining Lemma4 and Lemma 3, we have

Z ti+1
J @Z(ter);T) I (2(t);T) iZgee ( 32(t)  Z%ig d

Tk

Applying this recursiwely givesthe result for any t,, > tx. Following preciselythe stepsin
the proof of Theorem1 in [6] from this point givesthe stated result.

From equation (16), we obsene that (z(tx)) ! O asz(ty) ! z° As a consequence,
the control comparisonconstraint getstighter, and the comnunication betweenneighboring
agerts must happen with increasingbandwidth, asthe agens approad their cortrol objec-
tive. To mitigate these problems, we now proposea dual-male version of the distributed
recedinghorizon cortrol law. The closed-lomp systemwill be equation(8) until all agerts are
in the interior of their terminal constraint sets,at which point ead cortrol is synchionously
rede ned to be the decoupledlinear feedba& de ned in Assumption 3.

To construct the dual-mode version,we will make useof the monotonicity of J (z(tx); T)
for guararteeing invariance properties of the distributed recedinghorizon cortrol law. In
particular, under the conditions of Theorem 2, J (z(tx); T) monotonically decreasesuntil
z(tx) = z° Therefore, the concatenatedstate z(tyx) is cortracting, in somenorm-senseat
eadt recedinghorizon update. The cortrol switch must thereforerely on a test on the entire
state z(tx) to guarartee all agerts are in their terminal constrairt sets. A sucient test is
whether

n (0]
Z(tk) 2 b("min) = z2 Rana : JJZ chjﬁs IImin; IImin = m.in"i : (17)
If this holds, then
.. ..2 %a .. 2 .. ..2 .
izt z%ip = izt zZis  "mn 3 Giz(tk)  Ziip "mins 81 = 15 Na;

i=1

guararteeing all agerts are in their terminal constrain sets. Under stated assumptions,we
will show that jjz(t) z%j2, is cortracting with ead update, where the positive-de nite,
symmetric weighting W will be de ned more preciselybelon. Sincethe cortraction is hap-
peningwith adi erent norm-weighting than B, we requireasu cien t test onthe W-weighted
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guadratic term to guarartee that equation(17) holds. Recallthat ,5x(Qo) 2 R is the max-
imum eigervalue of any symmetric matrix Qq, and let i (Qo) 2 R denotethe minimum
eigervalue of Qq. Obsene that if

min (W)" min

18
max (D) (19)

iiz(te)  Z%id
then we have
min (W)" min
max (D)

The test on the W-weighted quadratic term is more consenative than testing for equation
(17) directly. Howewer, sincethe W-weighted term is shavn to strictly decreasefor the
closed-lmp system,we are guararteed invariance,i.e., onceequation (18) is true, it remains
true for all future time. Positive invariance is required as it will take sometime for the
agerts to agreg, in a distributed way, that they are in the set l? " min )-

It is requiredthat be no larger than a value, denoted ., that guararteesmonotonic
decreasef the value function J (z(ty); T) sothat equation(18) holds after some nite time.
Now, we assumesome quadratic bounds on the function J and shonv cornvergenceof a
sequencesud that equation (18), and henceequation (17), is guararteed to hold after some
nite number of iterations, from any feasiblestate at initialization.

min (W)iiz(t) 2% =) izt ZCip min

Assumption 6. For any z 2 Z , there exists positive constarts ki;k, 2 R, k, > kq, and
positive-de nite, symmetric matrix W 2 R™a ™a gyc that

kijz  Z%ig, I (zT)  kidiz  Z%id;
where
Kz > max min(Q)= max(W) and

k2 kl max min (Q):(Z max(W))’
and may IS de ned as

— ( 1)C . min (W) min (Q)"min .
e T @RI UEY S W) 4 B

Therequiremen that k; > max  min (Q)= max(W) is not too restrictive, sincethe right-hand
sideis a small number in general. The requiremert that k, k; max  min (Q)=(2 max(W))
meansk; is closeto k;. Equivalertly, this meansthat J (z; T) basically exhibits quadratic
growth, with a W-weighted norm. In the analysisthat follows, it is not requiredto know the
valuesof k, and k;, sothey do not needto be estimated. Since .« is to be computedand
usedin practice, it will be required to estimate the ratio min (W)= max(W). More simply,
if a reasonabldower bound on this ratio can be computed, the bound can be usedto de ne
¢, although this results in more consenatism. Aside from computing the ratio, or a lower
bound on it, the weighting matrix W doesnot needto be computed.
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Lemma 6. Under Assumptions1 and 3{6, for a given xed horizon time T > 0 and for
any statez(t 1) 2 Z atinitialization, if the update period = ., thenfor the closal-loop
system(8) there existsa nite integer | 2 N at which z(t,) 2 P("min) and z(ts) 2 B "min)
forall k I.

Proof. From Lemma 3, the monotonicity statemert on J (z(tx); T), for all k 2 N; is

Z ty+ %a
J (Z(tk+2); T) I (2(te); T) Li(za( szi(u));i2 i( 5z a(t)) d + 2

t i=1
From the Taylor seriesappraximation in Assumption 5, we have
Z t+ Xla
Lz ( 5zi(t)); 2 i( 52 i(t))

tk i=1
jz(t)  Zoig+ 2 (2(t) 2% Qzgg (i Z(t)):

From the proof of Lemmab,

(z(t) 29T Qzyg (t;z(t))  max(Q) R*+ UZ,, :

Now, substituting = nax, We canrewrite the equationboundingJ (z(tx);T) as
J (z(tk+2);T) I (z(tk);T) max )1 Z(tk) chsz + r?nax +  max(Q) R? + Ur%ax

min (Q) . cii2 .

max 7max(W)”Z(tk) Ziw *+ max ( 1c:

Using the boundson J (z(tk); T) from Assumption 6 we have

Ciizte) 203 klizt) Z0% e —" izt 2%+ me( D
max(W)
Denoting yix = jiz(tx) z%j3, 2 [0;1 ), we rewrite this as
Yicr1 Y+ ; where = Ke  max mE(Q): maX(W); = _max}l ™ (k be.
1 1

Also from Assumption 6, k> > max  min (Q)= max(W) and

Ko Ky max  min (Q)=( max(W)2) < max  min(Q)= max(W);

which implies0< < 1. Consideringthe sequenceyk.1, Which is boundedfor eat k 2 N,
by yx+ , weobsenethat
" I#

k

= lim lim + = —:
Yo = M Y Yo
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Also, we canboundtheratio =(1 ) as
- max( 1)C 2 max max(W)( 1)C < 2 max(W)C_

1 kl * max min (Q)= max(W) k2 max min (Q) min (Q) ’
wherethe rst inequality usesthe assumedupper bound on k, k;. From the de nition of
c we have )

2 max(W)C — min (W) min ,
min (Q) 2 max(l:b) .
Therefore,denotingy; = jjz(t1 ) z%j3,, we have
min (W)" min " min

Zt ZC..2 < _MinA¥%J min — Zt ZC..2 < ’
jiz(t1)  Zjw 2 (D ) diz(t) i >

and so z(t; ) is in the interior of Q "min). Moreover, for any yy = #+ =(1 ), where
# 2 (0;1 ), the sequencebound Y1 Yk + guarartees strict monotonic decreaseof
the sequence.The reasonis y + vw= (1 I+ = # + = #,andso
Yks1 Yk #. In particular, onceyy 2=(1 ), we are guararteed that equation (17)
holds, sincethe factor of 2 simply removesthe 1=2 in the implication above.

Now, there is a nite integerl 2 N for whichy, 2=(1 ). If this werenot the case,
Y+ Yk # would hold for all k 2 N, which impliesy,! 1 ask! 1 . Howewer, this
contradicts the fact that y, O for all k 2 N. Therefore,there existsa nite integerl 2 N
forwhichy, 2=(1 ). Also, sincethe sequences requiredto cortinue to decreaseaip to
at most the limit boundon =(1 ), we have positive invarianceas well. This concludes

the proof.

Remark 13. If the update period is lessthan ., then the analysisabove still holds,
provided the bound on the di erence k, k; in Assumption 6 is tightened by replacing max
by

For the cortrol switch to occur syndironouslybetweenthe agerts, werequireadistributed
means of determining when equation (18) holds. Since Lemma 6 guarartees monotonic
decreasen the W-norm sensewe shall castthe test in terms of the W-norm. Although this
incurs more consenatism, it implies that the agers will not cometo agreemen unlessthey
have all reached the state for which all subsequenrecedinghorizon updatesrender Q " min)
a positively invariant set of the closed-l@p system.

Distributed Consensus Algorithm for Synchronous Control Switc hing [24].

The algorithm de ned hereis a distributed meansof determining when equation (18) holds.

By distributed, we mean ead agert communicates only with neighboring agerts. For the

algorithm to corverge,a minimum number of information exdangesis required. We electto

have a separatesamplerate for this algorithm. Over the time interval [ty;tx+1), We assume
neighboring agers will commnunicate N times, using notation

ki =ttt (I=Ng); =0;1;:5Ns L
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to denotethe times at which neighbors exdhangeinformation.

To de ne the dynamics of the switch medanism, we introduce somenotation. At any
algorithm update time ., and for any agent i, let x;( x;) 2 R" be a non-negatiwe scalar
value. Also, denote"y = "in= max(Fb) and = L ax(W)= nin(W), whereW is the weighting
matrix de ned in Assumption 6. As with the de nition of cin Assumption 6, a reasonable
upper bound for this ratio, or equivalertly a lower bound on i, (W)= maX(W) could be
usedin the placeof below. The algorithm is asfollows. For every agert i = 1;::;; Nj:

1. At any time .o = ty, set
Xi( ko) = Na jizi(t)  Zj%

transmit X;( x.0) and receive X; ( «.0) from ead neighbor j 2 N;.
2. Foreat time ., 1= 1;2;::5;Ng 1,

(a) set

Xi( k1) = Xi( kg 1)+ No XiCkr 1) XiC ki 1))
S .
J2N
where > 0, and
(b) transmit X;( «;) and receiwe X;( «;) from ead neighbor j 2 N;.

3. De ne x;( k:n.) accordingto the equationin 2(a) above. If

Xi( kNs) 0o

where is a speci ed tolerancesatisfying 0 < "o, then switch at time tx+; and exit
the algorithm. Otherwise, return to 1.

End of algorithm .
Under the conditions stated in a lemmabelow, namelyif N is su cien tly large, then

IXi( kne)  Ave(x(tk))] 5 80 = 1, Ng;
where
1 Xe X P e
Ave(x(ty)) = N Xi(tk) = iz(t)  zZiic= diz(te) z°~

i=1 i=1
From this, we have

2

jiz(te) z) Xi( kNs) jiztd)  z%i%+

Therefore,the test in part 3 of the algorithm guararteesthat
jjz(tk) chj\zlv min (W)"O
and equation (18) holds.
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Lemma 7. For a specied toleranae , satisfying 0 < "o, the distributed consensus
algorithm for synchionouscontrol switching conveigesin N iterations provided that

Ns > dn, whee d,, is the maximum node degyree of the graph G, and

denoting =1 ( =Ng) »(L), wher L is the Laplacian of the graph G and (L) is
the second largesteigenvalueof L,

"%a #1=2
do = (Xi( o)  Avex(t))?

i=1

log  logdy.
log '

whee dp denotesa measure of initial disageement.

It is provenin [24] that the eigervalue ,(L) boundsthe rate of corvergenceof the average
consensuslgorithm in cortinuoustime. Converting to discretetime, the corvergencebound
becomes de ned above, and the rst condition in the lemmaimplies0 < < 1. The
lemma says that if Ng is su ciently large, every agert will meet the tolerance speci ed in
the algorithm. Therefore, the test in step 3 of the algorithm implies the ageris agreeto
syndironously switch to the linear feedba& cortrollers only if equation (18) holds, i.e., if all
agerts arein the interior of their terminal constraint sets. Note that if d , consensu$as
beenreaded from the initial valuesfor ead x;, and the algorithm would terminate in one
iteration. The results of the lemma presumeshat initially do > , asis the casein practice.
With 0< < l1anddy > , the secondcondition on Ny provides a lower bound that is
positive.

Remark 14. SinceNg will be large in general,the comnunication requiremerts between
recedinghorizon updateswill be demandingfor the algorithm to corverge. To alleviate this,
obsene that from the invariance property stated in Lemma 6, we know that onceequation
(18) holds, it will cortinueto hold. As sud, it is possibleto commnunicate onceevery receding
horizon update. This is doneby de ning yn.1 = tkn, + |, SOStep 1 is ertered every N
seconds. The tradeo of courseis that the algorithm will take considerablymore time to
converge. A samplerate betweenthesetwo extremescould be used,onethat is appropriate
for the given bandwidth limitations.

We now de ne the dual-mode distributed recedinghorizon cortroller.
De nition  10. (Dual-made distributed receding horizon controller)
Data: Initial statez(t ;) 2 Z , horizontime T > 0O, updatetime = .

Initialization : At time t , follow the proceduregivenin De nition 7, yeiding a cortrol
fortimet 2 [t q;to].

Controller:

1. For t 2 [to; t1], employ the distributed recedinghorizon cortrol law u g, (t; z(to)).
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2. At any time ty, k 2 N:

(a) If the distributed consensusalgorithm has converged (step 3), employ the
decoupledlinear feedbaks de ned in Assumption 3 for all time t  ty. Else:

(b) Employ the distributed recedinghorizon cortrol law ugg (t; z(tx)) for time
t2 [tk;tk+1].

Lemma 6 guararteesthat, under the assumptions,the inequality in equation (18) will hold
after a nite number | 2 N of recedinghorizon updates. Under the condition of Lemma
7, the agens will agreeto switch at time t;,; to the decoupledlinear feedba& cortrollers.
Sinceequation (18) holds, the agerts are known to be in a setfor which thesefeedbag&s are
asymptotically stabilizing. Therefore,the dual-mode distributed recedinghorizon cortroller
results in asymptotic stability with region of attraction Z . Formally, we now state this as
the secondmain theorem of the paper.

Theorem 3. Under Assumptions1 and 3{6 and under the conditions of Lemma 7, for a
given xed horizontime T > 0 and for any state z(t ;) 2 Z at initialization, if the update
period = nax, thenz®is an asymptotially stableequilibrium point of the closal-loop system
resulting from the dual-made distributed receding horizon controller, and Z is a region of
attraction.

Remark 15. The distributed recedinghorizon cortrol law of Theorem 2 requiresthat all
agers have the following information available: the horizon time T, the update period
and all parametersin the computation for (z(tx)) in equation (16), which includes the
certralized computation of jjz(tx) z°jjé at ead recedinghorizon update. The dual-mode
distributed receding horizon cortrol law of Theorem 3 requiresthat all ageris have the
following information available: the horizon time T, all parametersin the computation for
max 1IN Assumption 6, and the parametersfor the distributed consensuslgorithm, satisfying
the conditionsin Lemma 7. Clearly, both cortrollers require somecertralized information;
howewer, the dual-mode versiondoesnot require any on-line certralized computations. We
note that for the cortroller of Theorem2, another consensuslgorithm could be incorporated
for distributed computation of jjz(t) z°jjé at ead recedinghorizon update.

4.3 Alternativ e Form ulations

In this section,we discusstwo independert modi cations to the distributed recedinghorizon
corntrol approad givenin Section4.1. First, we brie y explorethe implications of transmit-
ting assumedposition information, instead of assumedcortrol information, betweenneigh-
boring agerts. Next, the e ects of using a position comparisonconstrairt, rather than the
cortrol comparisonconstrairt, in ead distributed optimal cortrol problem is investigated.
The distributed optimal cortrol problems here require only the assumedposition tra-
jectories from ead neighbor. As sud, neighboring ageris could instead exchangeassumed
position trajectories, rather than assumedcortrol trajectories. The result would be that
agerts would then not have to integrate the equationsof motion for eat neighboring agen,
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and alsonot require a separatetransmissionto obtain the initial condition for eat neighbor-
ing agent. The result is lesscommnunication betweenneighboring agens and simpli cation
in the optimal corirol computations. In other problems, howewer, it may be that the state
information of neighbors requiredin ead local optimal cortrol problemis more demanding.
This would be the casehere, for example,if the distributed integrated costsdependedalso
on the assumedvelocity of every neighoor. In sud casesthe communication requiremerts
are lower by sharinginitial state and assumedcortrol trajectory information at ead update.
To generalize,the tradeo betweenexdanging cortrol or state trajectory information, in
terms of the overall communication and computation requiremerts, should dictate how the
neededassumednformation should be attained.

We now discusssomeimplications of replacing ead cortrol comparisonconstrairnt with
a position comparisonconstraint. The cortrol comparisonconstrairt is

ju(sszi(t)) szt  ?; s2[tot+ Tl
whereasa position comparisonconstrairt is

iga(sizitt)) G(s;zitt))ii %5 s2[tgte+ T

It is the proof of Lemma 3 that requiresa bound on the norm of the di erence betweenthe
assumedposition trajectoriesand the actual position trajectories. If the cortrol comparison
constrairt is replacedby the position comparisonconstrairt, the result in the lemma still

follows by substituting the constraint bounds directly into the bounding argumen. The
resulting constart  is then rede ned to be

= I T@M+43) R+ T?:

Now, grows as a lower-orderfunction of horizontime T, with e ectively the samegrowth
relation to the other parametersasbefore. The upper-bound on the update period , de ned
as max Or (z(ty)) in equation (16), is proportional to 1=( + c¢), wherecis a constart. Thus,
the upper-boundon ispotertially larger,i.e.,lessconsenative, for largehorizontimes, when
using the position comparisonconstrairt. Therefore,for a given and that satis es the
theoretical bounds,the comparisonconstrairt bound 2 could be larger using the position
comparisonconstrairt, whenT is large.

We now discussanother reasonthat the position comparisonconstraint may be favorable.
Assumethat from a giveninitial condition z(to), it takesN iterations to read the terminal
constrairnt set using the distributed receding horizon control law, with either cortrol or
position comparisonconstrairt. From the proof of Lemma 3, recall that with the cortrol
comparisonconstrairt

iz aCzENI 5 2 2

As a result we have
4 4

ioties) ot i forea k2N =) jia(tn)  altoi No—-
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On the other hand, from the position comparisonconstrairnt we have

jiatn,)  alto)ii  No 2:

A reasonableassumptionis that Ny is a constart, meaningthat the number of iterations is
proportional to the recedinghorizon samplerate. The equationsabove imply that the closed-
loop position trajectory will deviate from the position trajectory at initialization by a factor
of 2with the cortrol comparisonconstrairt, and by afactor of with the position comparison
constrairt. The theory requiresthe be su cien tly small. Therefore,obeying the su cien t
conditionsin the theory implies that the recedinghorizon cortroller will resenfle the initial
open-loop solution more when using the cortrol comparisonconstrairt.

Supposenow that the linear, homogeneouwehicle dynamics are replacedby the more
genericnonlinear dynamics

zi(t) = fi(zi(t);ui(t)); foreadi = 1;::;Ng:

The dynamicsabove require additional assumptions,e.g., stabilizability around ead respec-
tive equilibrium point z?, as speci ed in the formulation in [6]. Supposethat the costis
still quadratic, with ewery distributed integrated cost L; depending upon ead neighboring
state z; (or somecomponerts of the state), for j 2 N;. Again, the proof of Lemma 3 will
require a bound on the norm of the di erence betweenthe assumedtrajectories 2, and the
actual trajectories z;, for every i = 1;::;;N,. If the comparisonconstrairt is in terms of
the state z;, then the theoretical results follow immediately, sincethe constraint boundscan
be directly substituted into the bounding argumert in the proof. If the cortrol comparison
constrairt is used,howewer, achieving a bound on the di erence betweenassumedand actual
state trajectories becomesmore cumbersome. Finally, we note that the analysisin [6] can
be usedfor construction of the distributed terminal costand constrairt functions.

From a numerical point of view, the cortrol comparisonconstrairt may be more appro-
priate. Speci cally, considerthe casewhere, for a given horizon time T, the value of the
allowable product 2 is not too di erent for the cortrol and position comparisonconstrairt
formulations. The cortrol comparisonconstrairt implies that

ja(szit) G(sz)ii (s t)??=2 s2[tgte+ TI:

Thus, we have a parabolic constrairnt on the position, and fors  ty + P 2, this constrairt is
lessstringent than the position comparisonconstrairt. If T is large, then, ead distributed
optimization problemis generallyeasierwith the cortrol comparisonconstrairt, in the sense
that the position trajectory is not constrainedto be as closeto the previoustrajectory, as
time proceeds.

The obsenations above should be taken in the light that the theoretical conditions are
consenative. In practice, valuesfor much larger than those speci ed by the theory are
successfulMoreover, the cortrol comparisonconstraint hasbeentestedin simulations, with
successwhile the position comparisonconstraint hasyet to be tested. As part of our future
work, we shall comparethe performanceof the two formulations in simulations.
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In the next section, formations of vehiclesare stabilized using the certralized and dis-
tributed recedinghorizon cortrollers de ned in the previoussections. The simulations reveal
that for a xed, small value for the update period , convergenceis obtained with good ac-
curacy. Moreover, the performanceof the distributed implemertation is comparableto that
of the certralized implemertation.

5 Formation Stabilization Example

A simulation of a four vehicle formation is presened in this section. The dimensionof the
position vector for all agerts istwo (n = 2). The state and cortrol constraint setsare de ned
as

Z=R% U= (Uu)2R?*: 1 u 1 j=1L2:
The objective is a ngertip formation that tracks the referencetrajectory (Ges(t); Ges(t)) 2
R4, de ned as

_ 0y t2[0;10)
%)= (1010 1) t2[01) (19)
wherety = 0 in the notation of the previous sections. The accelerationg.(t) is zerofor all
time exceptat t = 10 seconds.To be consiste with the cooperative stabilization objective,
we rewrite the systemdynamicsin equation(1) in error form. In particular, the error system
for any agert i hasstate (G Qer; 4 Ger) @and dynamicse = u;. The jump in the reference
velocity at time t = 10 senesto examinehow well the error dynamicsare stabilized for two
di erent legsof the referencetrajectory. Equivalertly, the problemis to stabilize the error
dynamicsfrom an initial condition at time 0, and then againfrom the current state at time
10.

To eliminate any o set betweenthe certer of geometryof the formation and the reference
trajectory, we set the formation path to gy4(t) = (0;0) for all t 0. The vector formation
graph is de ned by verticesV = f1,;2; 3;4g and relative vectors E = f(1;2);(1;3);(2; 4)g.
As in the generalizationof Section2, the corevehiclesassaiated with the tracking costare
f1;2;3g. The relative vectorsare de ned for the two legsof the referencetrajectory as

( 21); t2][0;10)

: (2 1), t2][010)
(1;2); t2[101) °

= (12p t2p01)

dip = dyy =
The commonrotation in the vectorsat time t = 10 is match the heading of the ngertip
formation with the headingof the referencetrajectory. The initial conditionsfor ead agert
are givenas qu(0) = ( 1;2), (0) = ( 4,0), (0) = ( 2,0) and qu(0) = ( 7; 1), with
g(0) = (0;0) for eath agert i 2 V. In both certralized and distributed recedinghorizon
implemenrations, a horizontime of T = 5.0 is used. Also, the following weighiing parameter
valuesare consistert in both implemertations: ! = 20, = 1.0and = 2:0. As stated,
collision avoidanceis not incorporated in the optimal cortrol problems, either by cost or
constrairt. In all simulation results presened, no collisionswere obsened to occur.
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To solwe the optimal cortrol problemsnumerically, we employ the Nonlinear Trajectory
Generation(NTG) software deweloped at Caltech. A detailed descriptionof NTG asa real-
time trajectory generationpadkagefor constrainedmedanical systemsis givenin [21]. The
padageis basedon nding trajectory curvesin alower dimensionalspaceand parameterizing
thesecurvesby B-splines. Sequetial quadratic programming (SQP) is usedto solwe for the
B-spline coe cien ts that optimize the performanceobjective, while respecting dynamicsand
constrairts. The padkageNPSOL [17] is usedto solve the SQP problem.

For the certralized recedinghorizon cortrol law, parametervaluesin the optimal cortrol
problem must be chosento guarartee that Assumption 2 is true. For the weighs chosen
above, K is de ned asthe linear quadratic regulator and P the correspnding stable solution
to the algebraicRiccati equation. Choosing = 0:4 implies that the assumption(i) is true.
To prove this, dene y = z z° and obsene that

y'Py ) max(P)y' Py max (P) ) y'P%y max (P)
x(P
) Y'PBB'PY .x(P) , Y K'Ky #1
Choosing 2= L ax(P)  0:4 guararteesthat jjKyjj> 1. Finally, the latter condition

guararteesthat K (z z°) 2 UNaforallz2 ( ), sinceeadh componert of K y will be between
-1 and 1 for all time. For an update period of = 0:5, certralized recedinghorizon cortrol of
the ngertip formation is shovn in Figure 2. The four closed-l@p position tra jectoriesof the

Position Space

Y motion (m)

-10F

-5 0 5 10
X motion (m)

Figure 2: Four vehicle ngertip formation using certralized recedinghorizon cortrol.

vehiclesare shown in the gure, with ead vehicledepictedby a triangle. The headingof any
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triangle shaows the direction of the correspnding velocity vector. The symbols along eat
trajectory mark the points at which the recedinghorizonupdatesoccur. The legendidenti es
a symbol with a vehicle number for ead trajectory. The triangles show the position and
headingof ead vehicleat snapshotsof time, speci cally at 0:0, 6:0, 120 and 180 seconds.

Also shawn at theseinstants of time arethe referencetrajectory position g.¢(t), identi ed
by the black square,and the averageposition of the core vehiclesq (t), identied by the
yellow square. The tracking part of the cooperative objectiveis achievedwhenq (t) = ges(t),
i.e., when the two squaresare perfectly overlapping. At time 6:0, the vehiclesare closeto
the desiredformation, and the squaresare nearly overlapped, indicating that the tracking
objective is being readhed. After 8.0 seconds,the formation objective has beenmet to a
numerical precisionof 0:01, which is the value of the the optimal costfunction at that time.
At time 120, the snapshotshows the formation recon guring to the changein heading of
the referencetrajectory which occurred at time 10:0. At time 180, the objective has again
beenmet and the optimal costfunction hasa numerical value of lessthat 0:01.

The recedinghorizoncortrol law time history for agert 3is shown in Figure 3. At receding

Receding Horizon Control of Agent 3

Control (m/se%)

0 2 4 6 8 10 12 14 16 18
time (sec)

Figure 3: Certralized recedinghorizon cortrol law time history for agen 3.

horizon updates,the cortrol is not requiredto initially match the last cortrol value applied.
Consequetly, the resulting closed-lap corntrol will be discortinuousin general. The gure
shaws greater discortinuity during the transiert phaseof the closed-l@mp response,with the
largest discortinuity occurring at time 0:0 and at time 10.0, when the referencetrajectory
changedheading.
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For the distributed recedinghorizon implemertation, the initial state at time 0:0 is used
for initialization, asdescriked in De nition 7. In terms of the notation, we thus havet | =
0:0. Regardingthe conditions in Assumption 3, we rst chooseQ; = yax(Q)l @), where

max(Q)  6:85. As in the certralized case,K; is de ned asthe linear quadratic regulator
and P; the correspnding stable solution to the algebraic Riccati equation. Following the
stepsabove, we can shav that ;| = 0:33 guararteesthat the conditionsin the assumption
will hold. Finally, we set = 2 in the cost functions of the distributed optimal cortrol
problems. The distributed recedinghorizon cortroller is applied for all time and switching
to the decoupledfeedbaks is not employed.

Before employing the distributed recedinghorizon cortrol law de ne in Section4.1, we
rst explorewhat happenswhen neighbors are assumedo have zer cortrol and the cortrol
comparisonconstrairt is not enforced( = +1 ). This was explored in simulations in a
previous paper [10. In other words, neighbors are assumedto cortinue along straight line
paths over any optimization horizon. For an update period of = 0:5, the result is shovn
in Figure 4. The recedinghorizon cortrol law time history for agent 3 is shavn in Figure 5.

Position Space

Y motion (m)

X motion (m)

Figure 4: Four vehicleformation usingdistributed recedinghorizon cortrol, assumingneigh-
bors continue along straight line paths at ead update and without enforcing the cortrol
comparisonconstraints ( = +1 ).

The responseis characterizedby overshaot, as agens believe neighbors will cortinue along
vectors tangert the path over the ertire optimization horizon at eat update. The gure
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Receding Horizon Control of Agent 3 Receding Horizon Control of Agent 3

Control (m/set)
Control (m/set)

0 5 10 15 20 25 0 5 10 15 20
time (sec) time (sec)

Figure 5: Distributed recedinghorizon cortrol law time history of agent 3. Left gure shaws
time history when = 0:5, and right gure shaowstime history when = 0:1.

shaws the position and headingtriangles at the samesnapshotsof time as before, plus one
additional snapshotat time 24:0. As time grows, the formation is obsered to get closerto
meeting the formation objective, but only after a long time. Moreover, the formation never
meetsthe objective to acceptableprecision.

Interestingly, for this given weights in the cost function, the closed-lmp performanceis
obsenedto stay the sameewvenif the update period is decreasedIn particular, if isreduced
to 0:25 or 0:1, the responseis nearly the same. For example, the recedinghorizon cortrol
law time history for agert 3with = 0:1is alsoshaovn in Figure 5. As in the previouspaper
[10], other parameterswere obsened to improve the performancein this case. Speci cally,
increasingthe damping weighting  reducesthe overshmt e ect, although the responseof
the formation naturally becomesmore sluggish. Also, if the horizon time T is shortened,
overall performanceimproves, as the assumptionbecomesmore valid. The reasonis that
a straight line approximation is generally a valid approximation locally, and shrinking T
meansthe assumptionshould hold over a more local domain, relative to larger valuesof T.

In the formulation in [16], whereead agen optimizesfor itself aswell asfor neighboring
agerns, a similar e ect is obsened. There, agens assumethat neighbors will react solely
with regard to the local cost function and constrairts. Apparently, suc a self-interested
philosopty is not too bad if agerts are not looking too far into the future, since initial
conditions are consisten in all distributed optimization problemsat eat update.

Now, we considerthe performanceof the distributed recedinghorizon cortrol law de ned
in Section4.1. After initialization, the cortrol comparisonconstraint is enforced, setting

= 2. Although the norm in ead cortrol comparisonconstrairt is de ned to be the
Euclidean 2-norm, we implemert the 1 -norm, sinceit is a linear constrairt and therefore
easierfor the optimization algorithm. For an update period of = 0:5, certralized receding
horizon cortrol of the ngertip formation is shaovn in Figure 6. As before,the triangles shav
the position and heading of ead vehicle at the time snapshotsof 0.0, 6:0, 120 and 180
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Position Space

Y motion (m)

X motion (m)

Figure 6: Four vehicleformation using distributed recedinghorizon cortrol.

seconds.The performanceis closeto that of the certralized implemertation. At snapshot
time 6.0, the formation is slightly laggingthe reference comparedto the certralized version.
Also, vehicles1 and 3 in particular slightly overshawt, in comparisonto their certralized
courterparts, whenthe referenceheadingchangesat time 10.0. At time 180, the formation
objectiveis closeto beingmet, andfor slightly moretime the sameprecisionasthe certralized
implemenration is achieved. The distributed recedinghorizon cortrol law time history for
agernt 3 is shavn in Figure 7. In the cortrol comparisonconstrairt, we have that ? =

0:5. As a byproduct of this constrairt, the allowable size of discortinuity in the closed-
loop cortrol at recedinghorizon update times is reduced. In particular, for the certralized

implemertation, the cortrol can jump by as much as 2, e.g., from -1 to 1. Howewer, in

the distributed implemenrtation with the cortrol comparisonconstrairt, sincewe usedthe
1 -norm, eath componert of the cortrol canjump by 0.5 at most. The cortrol in Figure
7 shows a few placeswhere sudh maximal discortinuities occur, speci cally just after time

10.0 whenthe referencetrajectory changesheading.

Since agerts are relying on the assumptionthat neighbors keep doing what they were
doing, and the cortrol comparisonconstraint ensuresthat the assumptionis not too far o,
stability is ensured. In fact, if the comparisonconstraint is removed, stability is obsened
in the simulation for the chosenparameter valuesabove. The sensitivity to horizon time,
asobsened above when neighbors are assumedo cortinue along straight-line paths, and as
obsened in the formulation in [16], is no longer presert.

Regardingthe communication requiremerns of transmitting assumedcortrols to neigh-
boring agerts, in the NTG formulation correspnding to the simulations above, 14 B-spline
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Figure 7: Distributed recedinghorizon cortrol law time history for agen 3.

coe cien ts speci ed the two-dimensionalassumedcortrol trajectory of eat agent. In com-
parison, when agens assumeneighbors cortinue along straight lines, 4 numbers much be
communicated at eat update, represeming the initial condition of the state at the update
time. Thus, sud represemations of trajectories in the optimization problem can aid in
keepingthe communication requiremers closerto that of other decerralized schemes|[8].

6 Conclusions and Extensions

We have shavn under what assumptionsa certralized optimal cortrol problem, whosecost
couplesthe statesof a set of dynamically decoupledsubsystemscould be decommsedinto a
setof distributed optimal cortrol problemsfor a distributed recedinghorizonimplemertation.
The implemertation requiresan additional constrairt in the local optimal cortrol problems,
namely a constraint ensuringthat assumedand applied cortrol trajectoriesnot deviate too
far from one another. Asymptotic stability is proven in the absenceof uncertainty and
for su cien tly fast recedinghorizon updates. Although the details of the theory here are
speci ¢ to homogeneousand linear dynamics, the approad is generaland the nonlinear,
inhomogeneougaseis worked out elsewherd9].

As discussedin Section4.3, the theory is quite consenrative in that, when the update
period is small enoughto satisfy the theoretical conditions for asymptotic stability, the
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cortrol comparisonconstrairt implies the closed-lmp trajectories must remain closeto the
trajectories computed at initialization. This implication is not a desirable property, as
it takes away from the power of the recedinghorizon philosophy, namely, the ability to
recomputean optimal action basedon current conditions. Still, in practice, larger valuesfor
the update period than requiredby the theory achieve performancethat is comparableto the
certralized implemertation. Lessconsenative results will be one objective in our ongoing
researd.

The inter-agert communication requiremerts of our approad are more intensive than
that of decertralized feedba& cortrol [8]. The tradeo is that the power of an optimization-
based approad is available, namely, the ability to addressperformancein the presence
of genericconstraints and nonlinearities. Moreover, no particular structure in the overall
systemdynamicsis required; all agens could have di erent dynamics. We also note that
the dimension of ead distributed optimal cortrol problem is equal to that of an optimal
cortrol problem of the single correspnding agen. Thus, there is considerableimprovemert
in tractability over the certralized problem, particularly when the number of agers N,
is large. If the trajectories are known to be su ciently smooth, and polynomial-based
appraximations are valid, the communication requiremens neednot be substartially worse
than that of standard decenralized schemes.

We shouldalsoemphasizehat the multi-v ehicleformation stabilization problemis simply
averue. In other problemswherethe performanceobjective, speci cally the integrated cost,
is decompsablein sud away that the summationrecoversthe certralized cost, the approadh
is applicable. Also, if constrairnts that couplethe statesand/or cortrols of neighboring agerts
are presen, the distributed implemertation still preservesthe property that if there existsa
feasiblesolution at initialization, there exits a feasiblesolution to all subsequendistributed
optimizations problems. The initialization phaseof the distributed implemertation, however,
now requiresa better guesdor the assumeccortrols, namely, onethat is known to be feasible.
Still, this requiremen is no strongerthan that imposedon the certralized implemertation; if
the certralized problemhasan initial feasiblesolution, subsequenfeasibility canbe ensured.
If an initially feasiblesolution to the certralized problem is available, it could be usedto
de ne the assumedcortrols at initialization in the distributed case. For the asymptotic
stability results to hold, the coupling constraints must satisfy the stated conditions on the
setZ. It may be of interestto seeif couplingin the dynamics,aswith the problemaddressed
in [14], could alsobe addressedoy the formulation here.

The theory will ultimately be applied to the Caltech Multi-V ehicle WirelessTestbed [7].
Other veruesfor application of the theory may exist, for example,in dynamic formulations
of resourceallocation problemsin networks, or in dynamic game theoretic settings. For
instance, the approad by Baglietto et al [2] for distributed dynamic routing in a network
could be comparedto a discrete-timeversionof our distributed recedinghorizon cortrol law.
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