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Abstract

We derive stability conditions for Model Predictive Control (MPC) with hard constraints on the
inputs and “soft” constraints on the outputs for an infinitely long output horizon. We show that with
state feedback MPC is globally asymptotically stabilizing if and only if all the eigenvalues of the open
loop system are in the closed unit disk. With output feedback the eigenvalues must be strictly inside
the unit circle. The on-line optimization problem defining MPC can be posed as a finite dimensional
quadratic program even though the output constraints are specified over an infinite horizon.

1 Introduction

Many practical control problems are dominated by constraints. There are generally two types of constraints
— input constraints and output constraints. The input constraints are always present and are imposed by
physical limitations of the actuators which cannot be exceeded under any circumstances. Often, it is also
desirable to keep specific outputs within certain limits for reasons related to plant operation, e.g. safety,
material constraints, etc. It is usually unavoidable to exceed the output constraints, at least temporarily,
for example, when the system is subjected to unexpected disturbances.

Industry has embraced Model Predictive Control (MPC), also referred to as moving horizon control and
receding horizon control, as a powerful feedback strategy to control systems with constraints. The basic
idea behind MPC is as follows: At sampling time k, m future control moves are calculated such that an
objective function over some {output) horizon is minimized subject to constraints. Only the first one of the
m computed control moves is implemented. At the next sampling time, the measurement is used to update
the state estimate and the same calculations are repeated.

Rawlings and Muske [2] showed that global asymptotic stability of the constrained system can be guar-
anteed by making the horizon infinite, provided that the optimization problem defining the MPC controller
is feasible. However, output constraints can lead to an infeasible optimization problem. They proposed to
remove the output constraints during the nitial portion of the infinite horizon to make the optimization
problem feasible. Unfortunately, this can result in poor performance: the violation of the output constraints
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during this initial portion of the infinite horizon can be very large in order to satisfy the constraints dur-
ing the rest. Thus, large constraint violations may be experienced, when the computed control actions are

implemented.

An alternative way to handle the feasibility problem is to relax the infeasible state constraints for the
entire horizon and to penalize the extent of the violation. This technique is referred to as “constraint
softening” [3]. The problem is that global stability may not be guaranteed. Zafiriou and Chiou [7] have
derived some conditions for stability. However, these conditions are generally conservative and difficult to

check.
In this note, we show that global asymptotic stability can be guaranteed for systems with mixed hard and
soft constraints. Furthermore, in the case that the state must be estimated, we show that global stability is

preserved by using an asymptotic observer. Finally, we show that the optimization can be cast as a finite
dimensional quadratic program even though the output constraints are specified over the infinite horizon.

2 State Feedback

Consider the system
w(k+1) = Azx(k) + Bu(k) 1)
o(k) " = Calb)

where z(k) € R7=, u(k) € R and y(k) € R*v. Define the objective function as

e} m—1
B = a(k+ilk)" Ra(k +ilk)+ > [ulk+ilk)"Su(k +ilk) + Au(k + ilk)T PAu(k + i|k)] (2)
i=1 i=0

where R > 0,8 > 0,P > 0, and m is finite. R, S, and P are symmetric. (-)(k + ik) denotes the variable (-)
at sampling time k + ¢ predicted at sampling time k. The control actions are generated by Controller MPC

which i1s defined as follows.

Definition 1 Controller MPC: Al sampling time k, the control move w(k) equals the first element u(k|k)
k), w(k + 11k), - -, u(k +m — 1{k)} which is the minimizer of the optimization problem

of the sequence {u(k

Jp = i Oy + e(k) Qe(k
¢ e(\k),u(k\k‘),l»l},ltl&](k-%nx—l{k) k +€( ) QG( )

[Au(k + k)] < Au™*® §=0,1,---,m~—1
u™ < ulk +ik) <um** §i=0,1,--,m—1 (3)
subject to Au(k +14k) =0 i=m,m-+1,---,00
Gelk+ilk)<g+ek) i=0,1,---,00
(k) >0

where G € R"6*"= qnd Q > 0 1s diagonal.

The input constraints represent physical limitations on the actuators which cannot be violated. The output
constraints are softened by the slack variables e(k). They can be violated temporarily, if necessary. In the
long term, the penalty term e(k)” Qe(k) in the objective function will drive the slack variables to zero. The

optimization problem (3) can be cast as a quadratic program.
The control problem is to bring the state to the origin. To make it well posed, the feasible region for

[Au(k + k)] < Au™  i=0,1,- -,
un < ulk k) <u™ i=0,1,---,m—1




must contain u(k +4lk) = 0,¢=0,1,---,m — 1, as an interior point. The feasible reagion for

Gelk+ilk)<g+elk) i=0,1,---,00

contains z(k +ilk) = 0,i=0,1,---, 00, as an interior point. Note that this implies g > 0. Then we have the

following theorem which extends the results in [2] for e(k) =0V £ > 0.

Theorem 1 The closed-loop system with Controller MPC is globally asymptotically stable if and only if the
optimization problem (3) is feasible.

Proof: If the optimization problem is not feasible, the controller is not defined. Feasibility of the optimization
problem implies that Jy is finite. At sampling time k + 1, let

{ w* (k4 ik + 1) = u(k +1
e(k+1)y=e(k)

k) i=12,---m

Thus, (u*,€*) is a feasible solution but may not be optimal. We have
Jesr < Jp — 2(k+ DT Ra(k + 1) — u(k)T Su(k) — Au(k)T PAu(k)

which yields

k
Jrs1 + Z [L(? + I)TR,:U(_i + D+ u(i)TS'u.(i) + Au(k)TPAu(k)] < Jy < o0
EE=3}
Note that we replaced z(k + 1|k) with z(k + 1) since z(k + 1) = 2(k + 1|k). This together with R, S > 0
implies that z(k) — 0 and u(k) — 0 as & — co. o

Remark 1 This theorem also holds if S > 0 provided that at steady state x = 0 if and only 1f u = 0. By
allowing S = 0, we can introduce integral control to obtain offset-free tracking.

Remark 2 If Q = oo, then the ouiput constraints become hard and the optimization problem may not be

feastble.

The following theorem states that for @ < oo feasibility of the optimization problem (3) is guaranteed
for stable systems.

Theorem 2 If A is stable, i.e. all eigenvalues of A are strictly inside the unit circle , then the optimization
problem (3) is feasible V. m > 1 and V Q < oo.

Proof: All we have to do is to prove the feasibility of the optimization problem at the first sampling time. We
will prove this theorem by construction. Since A is stable, z(k) is bounded V £ > 0 for any initial condition.

Then o
w*(41) =0 1=1,2,---,m
(1) = max|Ga(i]1)|e < 00
‘ i>1
satisfies all the constraints and results in J; < co. Thus it is a feasible solution. 0

In light of results by Tsirukis and Morari [5], Balakrishnan et ol [1], and Zheng and Morari [8], we can
show that Theorem 2 also holds for stabilizable systems with poles in the closed unit disk provided that m
is sufficiently large. This is stated in the following theorem.



Theorem 3 Assume that {A, B} is stabilizable and that all eigenvalues of A are in the closed unit disk.
Then for a sufficiently large but finite value of m the optimizaiion problem (3) is feasible ¥V Q < 0.

Proof: See, for example, [5]. O

We have shown, that with m properly chosen, Controller MPC globally asymptotically stabilizes any
constrained stabilizable system with poles in the closed unit disk, using state feedback. When the inputs
are constrained, i.e. w™” < u(k) < w™® V k, Sontag [4] showed that there does not exist a controller
that globally stabilizes any system with poles outside the unit circle.> Thus, the MPC controller globally
stabilizes all constrained systems for which a global stabilization is possible.

Remark 3 Theorems 1, 2 and 8 hold as well if other norms for softening the output constrainis are used.

3 Output Feedback

In the previous section, we assumed that the state is measured. Since the closed loop system may be
nonlinear because of the constraints, we cannot apply the Separation Principle to prove stability for the
output feedback case. Denote the state (output) at sampling time k + 7 estimated at sampling time k by
&(k +i|k) (9(k + i|k)). We replace the state x in the objective function (2) by its estimate &. The state is
estimated as follows.

1

(k|k) Az(k — 1k — 1) + Bu(k — 1) + L{y(k) — g(k]k — 1)) @
#(k+ilk) = Av(k+i—1k)+Buk+i—1) i>1

where L is the observer gain. Combining this equation with equation (1) yields
e(k+1)= (I — LC)Ae(k) (5)
where e(k) = z(k) — &(k|k). Thus equation (4) can be written as

(klk) &(klk —1) + LCAe(k — 1)
ik +ilk) = A#(k+i—1k) +Bu(k+i—-1) i>1

(6)

il

which yields
£k
Ek+ilk) =Aék+i-1
k)= a(k+ k) —&(k+4

k) = LCAe(k 1)
B i1 (M

k —1). Then we have the following lemma.

where £(k + ¢

Lemma 1 Assume that A and (I — LC)A are stable, i.e. all the eigenvalues are sirictly inside the unit
circle. Define

1
n(k) = 1}12813{|GAi—k6(i)|00 Sl el
1
Then
S S Ek + itk RE(k + k) < o
k=1 i=0
S kT @nk) < 0 (8)
k=1
S S etk ity R 4 k) + Sk Qn() | < oo
k=1 1=0

IWith constraints on Aw, we can also show that there does not exist a controller which globally stabilizes an unstable system.



where 0 < R, Q) < 0.

Proof: From equations (5) and (7), we have
le(k)]z < ek ™" pfle(0)]2
and ‘ ‘
|6(k + ilk)|2 < cai® ™ ph|E(RIR)]s < e1eai®> kYT ph pl [e(0) 2

where p; = Anae((I — LCYA) and ps = Apaz(A4); ¢1 and cp are constant; oy and «y are the multiplicies
associated with the largest eigenvalues ? of (I~ LC)A and A, respectively. Here Ap,qz(A) denotes the spectral
radius of A. Stability of A and (I — LC)A implies that py, pa < 1. Thus,

S ST Elh +iR)T RE(k + ilk) < creale(0)ag (RE), | Y i2eem 1) 3 k=1t < oo
k=1 i=0 =0 k=1

The other two expressions can be proven similarly.
Remark 4 If A is unstable or has poles on the unit circle, Lemma 1 clearly does not hold.

The following theorem states that global asymptotic stability with output feedback can be guaranteed for
stable systems.

Theorem 4 Assume that A and (I—LC)A are stable, i.e. all eigenvalues of A and (I—LC)A are strictly in-
side the unit circle. Then the overall system with Coniroller MPC and observer (4) is globally asymptotically

stable.
Proof: Denote the weighted 2—norm va? Rz by |z|gs. Let

{ w(k+ilk+ 1) =uwk+ilk) i=1,2---,m
E(k+ 1) = e(k) + n(k)

Thus, (u*, ¢*) is a feasible solution but may not be optimal. Define
m
U =" [lulk+ilk)[F + |[Aulk +ilk)]Bo]
i=1
a(k) = & (k + 11k) 7o + Ju(k)|52 + |Au(k)[B,

We have

b+ 1)[ke + U+ | (k +1)|5,

»]};,+1 < if}(l\” -+ 7

|k + ilk) + E(k + ik + D)% + U + |e(k) + n(k)|52

00 o0

Sl + ilk) e+ U+ L)y + | D JeCk +ilk + Dl + In() ez

42 i=2

IA

I
— iMe il

2

Ve alb) + | Sk + ik + DIZ, + In(B)les

i=2

2The largest eigenvalue is defined to be the eigenvalue with the largest absolute value.



Taking square root both sides yields

VIesr < Ve —alk) + \] Z §(k +dlk + 1) 3o + In(k) @2
i=2

< VIt | D€+ ik + 1)y + (k) o2

i=2

which in turn yields

k oS
Vi SVI+Y \’ DG+l + DIy + In()lo2
j=1

=2
By Lemma 1, the second term on the right-hand-side is bounded for all k. Therefore, we have

Jp < JTM <o ¥V k>0

From before, we have

]

T < ( Jk“Cl’(’ﬂ)Jr\JZlﬁ(k+i|k+1)|?zz+lﬂ(k)m)
= Jk—a(k)+( ZI&(HHH1)I%§2+{n(k)lm) +2y/Ji — a(k) (\lZl&(k+ik+1)l%z+ln(k)lczz)
=2 , . 1=2
< Jk~af(k>+( Zi&(kf+ilk+1)i%g+ln(k)lqz> +2v/ T (leakwuw1)!}22+1n(k>|m)

which yields

€ (k + ilk + Dk + [n(k)lo2

(3

2
k k o0
Tesr+Y_a(i) < i+ \]Z €Ck + ik + 1) |3, + (k)2 | +2VImee J
i=1 a1 p

[ee)
i=2 =2
By Lemma 1 and boundness of J™%"  the second term is bounded for all k. Thus,

k k
Ters+ S ali) = T+ 37 (180 + Ui oo + lu(Df, + [Au(@)[3,] < 0
=1

=1

Following a similar argument as in the proof of Theorem 1, we can therefore conclude that (k) — 0 and
u(k) — 0 as k — oo. O

The following theorem shows that the output constraints over the infinite horizon can be replaced by the
output constraints over the finife horizon. A similar result was derived by Rawlings and Muske [2].

Theorem 5 Assume that A is stable. Given any &(k|k) and (k) > 0, there exists a finite N such that

Gi(k+ik)<g+ek) Vi>N



Proof: We need only prove this theorem for e(k) = 0: since (k) > 0 V k, G&(k + ilk) < ¢ Vi > N implies
Gi(k + ilk) < g+ e(k) Vi > N. WLOG, assume that A is nonsingular.® Consider a zero input, i.e.
u(k +ilk) = 0,i = 0,---,m — 1, and denote the value of the objective function for this input sequence by

Ji. Then,

Je < J5 = a(kik)T i(AT)“RAiaE(k!k) = &(k|k) T3 (k|k)
i=1

where II is positive definite and bounded since A is nonsingular and stable. Also we have

[t} m=—1
Jo o= > a(k+ilk) Ri(k+ilk) + Y [u(k+ilk)T Su(k +ilk) + Au(k + i)Y PAu(k + ilk)] + (k)T Qe(k)
i=1 =0
> > a(k+ k)" Ra(k + i]k)

= &k 4+ mb) &k + m|k)
Combining these two inequalities, we obtain

&k 4+ m|k) 2 (k +mlk) < #(k|k)TT2(k|k)

which yields

6k + mlk)]2 < A(ID]e(k

k)2

where k(IT) < co denotes the condition number of II. Finally,

I

IGAN &(k + m|k)|oo
|GAN &k + mlk)
(G (AN)|2(k + mlk)|2
5(G)a (AN () [&(k]E)]2

|Ga(k +m+ N|k)|oo

2

IN N IA

where a((G) denotes the largest singular value of G. If N is such that

F(GYa(ANT () |2 (k

k)2 <min(g;) Vi>0
i
then
Gi(k+ik)<g Yi>N+m

min(g;) > 0 and stability of A imply that a finite V exists.
j

4 Example

Consider the system

0.655 —0.1673 0.1637 ] .
alk+1) = { 0.1673  0.9825 ]“’“H [ 0.0175 ]“(’”)

(9)
k) = [ _12 }-"E('/'»’)

5
3If A is singular, we can write 4 = 77! [ _61 £ } T where ©1 > 0 and I3 is nilpotent. Define #(k) = Tx(k) and

Z1(k+1) 24 0 Z1 (k) . . . - . . .
[ 2k +1) } [ 0 (k) Then, after a finite number of sampling times, &2 becomes identically zero since X2

is nilpotent. Thus it suffices to consider the reduced system with Z; as its states.



which is obtained from the continuous-time transfer function ﬁ with a sampling time of 0.2. The initial

condition is 2(0) = [1.5 1.5]7. The output is constrained between £1. Since the system exhibits inverse
response behavior, hard output constraints can cause stability problems ([6]). To use the approach proposed
in {2], the output constraint at the first sampling time must be ignored to make the optimization problem
feasible. We can also use the approach presented in this note and soften the output constraints over the
infinite horizon. The following parameter values are used:

5

p=oco,m=>5R= [ 9 “,22],5:0,13:0,@:1

Using the arguments leading to Theorem 5 one can show that the state constraints will be satisfied automat-
ically after 35 time steps. Thus, the output constraints must be enforced only over a finite horizon of length
35. The responses for the two approaches are depicted in Figure 1. A very large overshoot is observed for
the controller designed via the approach proposed in [2].

-4 H Solid: hard constraints ([2]) -
=
% Dashed: soft constraints (Q = I)
o
6F -
8k -
-10F -
- 12 1 1 1 i 1 1 L
0 1 2 3 4 5 6 7 8

Time

5 Conclusions

We analyzed the closed loop stability for an infinite horizon MPC algorithm with soft and hard constraints.
We showed that global stability can guaranteed for both state feedback and output feedback. The on-line
optimization problem can be cast as a finite dimensional quadratic program.

oo
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