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Abstract

We derive stability conditions for Model Predictive Control (MPC) with hard constraints on the
inputs and “soft” constraints on the outputs for an infinitely long output horizon. We show that with
state feedback MPC is globally asymptotically stabilizing if and only if all the eigenvalues of the open
loop system are in the closed unit disk. With output feedback the eigenvalues must be strictly inside
the unit circle. The on-line optimization problem defining MPC can be posed as a finite dimensional
quadratic program even though the output constraints are specified over an infinite horizon.

1 Introduction

Many practical control problems are dominated by constraints. There are generally two types of constraints
— input constraints and output constraints. The input constraints are always present and are imposed by
physical limitations of the actuators which cannot be exceeded under any circumstances. Often, it is also
desirable to keep specific outputs within certain limits for reasons related to plant operation, e.g. safety,
material constraints, etc. It is usually unavoidable to exceed the output constraints, at least temporarily,
for example, when the system is subjected to unexpected disturbances.

Industry has embraced Model Predictive Control (MPC), also referred to as moving horizon control and
receding horizon control, as a powerful feedback strategy to control systems with constraints. The basic
idea behind MPC is as follows: At sampling time k, m future control moves are calculated such that an
objective function over some {output) horizon is minimized subject to constraints. Only the first one of the
m computed control moves is implemented. At the next sampling time, the measurement is used to update
the state estimate and the same calculations are repeated.

Rawlings and Muske [2] showed that global asymptotic stability of the constrained system can be guar-
anteed by making the horizon infinite, provided that the optimization problem defining the MPC controller
is feasible. However, output constraints can lead to an infeasible optimization problem. They proposed to
remove the output constraints during the nitial portion of the infinite horizon to make the optimization
problem feasible. Unfortunately, this can result in poor performance: the violation of the output constraints
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during this initial portion of the infinite horizon can be very large in order to satisfy the constraints dur-
ing the rest. Thus, large constraint violations may be experienced, when the computed control actions are

implemented.

An alternative way to handle the feasibility problem is to relax the infeasible state constraints for the
entire horizon and to penalize the extent of the violation. This technique is referred to as “constraint
softening” [3]. The problem is that global stability may not be guaranteed. Zafiriou and Chiou [7] have
derived some conditions for stability. However, these conditions are generally conservative and difficult to

check.
In this note, we show that global asymptotic stability can be guaranteed for systems with mixed hard and
soft constraints. Furthermore, in the case that the state must be estimated, we show that global stability is

preserved by using an asymptotic observer. Finally, we show that the optimization can be cast as a finite
dimensional quadratic program even though the output constraints are specified over the infinite horizon.

2 State Feedback

Consider the system
w(k+1) = Azx(k) + Bu(k) 1)
o(k) " = Calb)

where z(k) € R7=, u(k) € R and y(k) € R*v. Define the objective function as

e} m—1
B = a(k+ilk)" Ra(k +ilk)+ > [ulk+ilk)"Su(k +ilk) + Au(k + ilk)T PAu(k + i|k)] (2)
i=1 i=0

where R > 0,8 > 0,P > 0, and m is finite. R, S, and P are symmetric. (-)(k + ik) denotes the variable (-)
at sampling time k + ¢ predicted at sampling time k. The control actions are generated by Controller MPC

which i1s defined as follows.

Definition 1 Controller MPC: Al sampling time k, the control move w(k) equals the first element u(k|k)
k), w(k + 11k), - -, u(k +m — 1{k)} which is the minimizer of the optimization problem

of the sequence {u(k

Jp = i Oy + e(k) Qe(k
¢ e(\k),u(k\k‘),l»l},ltl&](k-%nx—l{k) k +€( ) QG( )

[Au(k + k)] < Au™*® §=0,1,---,m~—1
u™ < ulk +ik) <um** §i=0,1,--,m—1 (3)
subject to Au(k +14k) =0 i=m,m-+1,---,00
Gelk+ilk)<g+ek) i=0,1,---,00
(k) >0

where G € R"6*"= qnd Q > 0 1s diagonal.

The input constraints represent physical limitations on the actuators which cannot be violated. The output
constraints are softened by the slack variables e(k). They can be violated temporarily, if necessary. In the
long term, the penalty term e(k)” Qe(k) in the objective function will drive the slack variables to zero. The

optimization problem (3) can be cast as a quadratic program.
The control problem is to bring the state to the origin. To make it well posed, the feasible region for

[Au(k + k)] < Au™  i=0,1,- -,
un < ulk k) <u™ i=0,1,---,m—1

























