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Abstract 

The so-called nonlinear X,-control problem in state space is considered with an emphasis 
on developing machinery with promising computational properties. Both state feedback and 
output feedback %,-control problems for a class of nonlinear systems are characterized in 
terms of continuous positive definite solutions of algebraic nonlinear matrix inequalities which 
are convex feasibility problems. The issue of existence of solutions to these nonlinear matrix 
inequalities (NLMIs) is justified. 

1 Introduction 

Linear 'If, control theory has been a very popular research area since it was originally formulated 
by Zames (cf. [a, 5, 71) . The simplicity of the characterization of state space 'If,-control theory 
together with its clear connections with traditional methods in optimal control [7] have stimulated 
several attempts to generalize the linear 'If, results in state space to nonlinear systems [26,14,2,19]. 
We will use the accepted but unfortunate misnomer "nonlinear 'If," to describe this research 
direction, which will be pursued further in this paper, with an eye toward computational issues. 

Basically, in those generalizations, the necessary or sufficient conditions for the the %,-control 
problem to be solvable are characterized in terms of some Hamilton-Jacobi equations or inequalities 
[26, 14, 2, 19, 13, 27, 171. Specially, an 3-1, output controller, which has separation structure, and 
a class of parametrized 'If, controllers are designed based on the required solutions of Hamilton- 
Jacobi equations or inequalities [14, 191. Whence, one of the major concerns in the state-space 
nonlinear 'If,-control theory is how to solve these Hamilton-Jacobi partial differential equations or 
inequalities, and progress along this line would be beneficial to applications of nonlinear X,-control 
theory. For example, van der Schaft [26] proposed an approach to approximate the solutions of 
Hamilton-Jacobi equations using Lukes' iteration method [21]. 

In this paper, we propose an alternative approach to the state-space nonlinear 'If,-control 
problem, and characterize the solutions in terms of convex conditions instead of the Hamilton-Jacobi 
equations or inequalities. This is motivated by the fact that, essentially, the linear %,-control 
problem can be characterized as a convex problem [23,3]. We examine the convexity of the nonlinear 
N,-control problem, and deal with a class of nonlinear 3-1,-control problem whose solvability 
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