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Abstract

We consider a finite horizon based formulation of receding horizon control for linear discrete-
time plants with quadratic costs. A framework is developed for analyzing stability and perfor-
mance of finite receding horizon control for arbitrary terminal weights. Previous stability and
performance results, including end constraints, infinite horizon formulations, and the fake alge-
braic Riccati equation, are all shown to be special cases of the derived results. The unconstrained
case is presented, where conditions for finite receding horizon control to be stabilizing and within
specified bounds of the optimal infinite horizon performance can be computed from the solution
to the Riccati difference equations. Nevertheless, the framework presented is general in that it
lays the groundwork for extension to constrained systems.

Keywords: predictive control, optimal control, linear systems.

1 Introduction

Receding horizon control (RHC), also known as model predictive control (MPC), is a discrete-time
technique in which the control action is obtained by solving open loop optimization problems at
each time step. The flexibility of this type of implementation has been useful in addressing various
implementation issues that traditionally have been problematic.

From a practical viewpoint, an attractive feature of RIC is its ability to naturally and explicitly
handle both multivariable input and output constraints by direct incorporation into the optimiza-
tion. The RHC strategy was first exploited and successfully employed on linear plants, especially in
the process industries [12, 5], where relatively slow sample times made extensive on-line intersample
computation feasible. Recent improvements in computer power have made RHC an attractive and
more viable alternative approach in a variety of additional applications as well.

On the other hand, theoretical aspects associated with stability and performance properties of
RHC have proven to be a very complicated and difficult issue. The attractive capabilities of RHC
and a promising outlook for future applications has motivated an intensive study of the stability
and performance of various RHC implementations, providing a challenging research area.
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Stability results have been established for special choices of the control parameters, and rely
basically on two approaches. For finite horizon based RHC, stability results often require the
addition of an end constraint that the state be zero at the end of the prediction horizon [9, 10, 3, 7].
These constraints are somewhat artificial since they are not satisfied in the closed-loop, and the
state only asymptotically approaches zero. An alternate approach is to use an infinite horizon
formulation. This has been explored by Rawlings and Muske [13] for linear plants and quadratic
costs, including the presence of linear state and control constraints.

In this paper, we introduce a framework for analyzing both stability and performance of finite
horizon based RH policies, without using end constraints, and without relying on monotonicity
arguments. Following the ideas and approach used by Shamma and Xiong for non-quadratic RHC
[14], we derive stability and performance results for linear systems with quadratic costs. The
stability results presented in this paper are based on Lyapunov arguments that use the finite
receding horizon cost as a Lyapunov function, and lead to performance bounds on the RH policies.
In particular, finite horizon computations which calculate the tolerance to which the infinite horizon
RHC cost is within that of the optimal infinite horizon cost are provided. Furthermore, our approach
appears to be a unifying framework which easily explains the majority of previously established
stability results, and provides a natural setting for extending stability and performance analysis
to constrained and nonlinear systems. Results which fully extend the ideas in this paper to these
more general systems will be submitted for publication shortly.

2 Linear Quadratic Optimal Control
Consider a discrete-time linear system of the form
z(k + 1) = Ax(k) + Bu(k), z(0) = o, (1)

where z(k) € R" and u(k) € R™ denote the state and control, respectively. A popular design
paradigm for linear time-invariant systems is linear-quadratic (LQ) optimal control [8]. The LQ
optimal control problem may be posed in either an infinite or finite horizon framework.

2.1 Infinite Horizon Formulation

The infinite horizon LQ problem is formulated as follows. Minimize the infinite horizon cost:

J(zo) = ir(lgz (27 (k)Qz (k) + u” (k) Ru(k)) , (2)

k=0

subject to the system dynamics (1).
Under standard technical assumptions ([4, B] stabilizable, R > 0, Q > 0, [Q/?, A] observable),
the solution is given by:
u*(k) = —(BTPB + R)"'BTPAxz(k) (3)

where P is the unique positive definite solution to the algebraic Riccati equation (ARE):
P=A"P-PB(B"PB+ R)"'BTP|A+Q (4)

In this case the control u* is guaranteed to be stabilizing. In addition, P provides a method for
evaluating the optimal cost in that J(zg) = :EOTPQJO.



2.2 Finite Horizon Formulation
The corresponding finite horizon problem is defined by the objective function:

N-1
JN(mO):ir(lg T (N)Pyz(N) + Y (27 (k)Qu(k) + u” (k) Ru(k)) (5)
k=0

Note that Py weights the final term of the horizon, z(V), and is usually referred to as a terminal
weight. The solution of this LQ regulator problem may also be given directly in closed loop form
as follows. One merely iterates the Riccati difference equation (RDE) from the initial condition Py,
according to:

P = AT[P; — P;B(BTP;B+ R)"'BTPJA + Q. (6)

and implements the finite horizon control policy,
ui (k) = =(B"Py_(jy1)B + R) "' BT Py_(41)Ax(k)

Note that the initial condition Fy used for the RDE is also the terminal weight for the finite horizon
cost Jy. We will interchangeably refer to P as an initial condition or terminal weight owing to
these two interpretations.

Again, the optimal finite horizon cost can be evaluated from knowledge of Py by Jy(zg) =
TEP NZT(Q-

3 Receding Horizon Formulation: Problem Setup

A receding horizon implementation [6] is typically formulated by introducing the following open-
loop optimization problem.

p—1 m—1
Tpm (o) = inf |a" (p)Pox(p) + 32" ()Qu(i) + 3 u” (i) Ru(i) (7)
1=0 1=0

(p > m) where p denotes the length of the prediction horizon, and m denotes the length of the
control horizon. (When p = oo, we refer to this as the infinite horizon problem, and similarly, when
p is finite, we refer to it as a finite horizon problem.)
Let u’(“p’m)(i), i =10,---,m — 1 be the minimizing control sequence for J, ,,y(z(k)) subject to
the system dynamics (1). A receding horizon policy proceeds by implementing only the first control
G(p,m) (T(k)) = ufp’m)(O) to obtain z(k + 1) = Axz(k) + Bug, ) (0). The rest of the control sequence
Ul my 18 discarded and x(k + 1) is used to update the optimization problem (7) as a new initial
condition. This process is repeated, each time using only the first control action to obtain a new
initial condition, then shifting the cost ahead one time step and repeating, hence the name receding
horizon control.

In particular, if we consider the case p = m = N, then Ji, ) = Jny as defined in (5). This

receding horizon policy can then be simply characterized as:
iy (z(k)) = arg nhin {27 (k)Qz (k) +uT Ru + Jy_1(Az(k) + Bu)} (8)

Note that the receding horizon policy 4y is equal to the initial control action of the solution to the
finite horizon LQ problem and can be calculated from the RDE (6). i.e.:

an(z(k)) = —(BYPy_1B 4+ R)“'BT Py_1 Ax(k) (9)



For the remainder of this paper, in order to simplify notation, we make the assumption that
p =m = N. Receding horizon policies will be denoted as 4y and optimal LQ policies as v}, and

u*,

4 Stability and Performance of Finite Receding Horizon Linear
Quadratic Control

4.1 Motivation and Main Ideas: Jy as a Lyapunov function

Our approach to finite horizon based RH countrol relies on the use of the finite horizon cost Jy as
a Lyapunov function, but without imposing restrictive end constraints or relying on monotonicity
arguments to prove stability. In fact, we present a general theory for performance and stability
analysis of finite receding horizon LQ control for any initialization of the RDE, F,.

The main argument is as follows. We wish to show that Jy is a Lyapunov function, or equiv-
alently that Jy(z(k)) — Jn(xz(k +1)) > 0 for z # 0. Rewriting Jy(z(k)) — Jn(z(k + 1)) by using
that Jy(z(k)) = 27 (k)Qz(k) + w7 (0)Ru*(0) + Jy_1(z(k + 1)) gives:

In(z(k) = In(@(k+1)) = [z7 (k)Qu(k) + dn(z(k)Ran (z(k)) + In-1(z(k + 1))] = In(z(k + 1))

v

;0 77

(10)
(where we have used that 4y (z(k)) = u}(0)). If it can be shown that the right hand side of (10)
is positive, then stability is proven. Assuming ¢ > 0, the first term

[z7 (k)Q (k) + in (x(k)) R (2 (k))] (11)
is positive. In general, it cannot be asserted that the second term
[Ina(z(k+1)) = In(z(k +1))] - (12)

is also positive. But, under appropriate technical conditions, it is known from LQ theory that
Jnv — J as N — oo where J is the optimal cost for the LQ infinite horizon problem (2). This
implies that (JN 1 — JN) — 0 as N — oo. We will show that by choosing N 1arge enough, it is

the second term in \LU) |_JN 1\L\l€~r— 1)) — JN \.L\Ii + L))J is ledyb smailer

at
than the first term [ T(k)Qz(k) + u' (k) Ru(k)], independent of z(k). In this case, the right hand
side of (10) will be positive, 1mplying that Jy is a valid Lyapunov function and proving stability.
Furthermore, it is possible to establish a criterion based on finite-horizon computations relying on
the RDE (6), which not only establishes the above stability, but ensures that the cost of the RHC
will perform within a specified tolerance of the optimal infinite horizon performance.

Finally, we will show that most other known and well established stability methods, such as
finite RHC with end constraints (z(p) = 0) [10, 3], or the infinite RHC approach (p = oo) [13],
rely on choosing the terminal weight I, so that the finite horizon costs, Jy, are monotonically
non-increasing, i.e. Jy—1(z) > Jy(z). Note that this trivially results in stability by ensuring that
the second term (12), is non-negative. The results we present do not require any such monotonicity
arguments and represent a general theory that encompasses many previous results as special cases.

4.2 Preliminaries

Let Z7 denote the set of non-negative integers. We will consider the discrete-time linear system
(1) with 2(k) € R™ and u(k) € R™. In addition we require that Py > 0, @ > 0 and R > 0, and
assume that [A, B] is a stabilizable pair. Finally, recall the following standard result concerning
the convergence of the solutions of the RDE (6) to that of the ARE (4).



Proposition 4.1 Let Py be the solution of the RDE (6), then Py — P > 0 as N — oo where P
is the solution of the algebraic Riccati equation (ARE) (4).

Proof This is a standard result from LQ theory [1]. [ |

We will define two parameters, axn and py that will play an important role throughout the rest
of the paper. These parameters help to characterize the right hand side of our key equation (10).

Definition 4.1

ay = min{a:aJy(z) > Iyei(z), YV}
= min{a:aPy > Pyi1}

Remark: Note that since Py = PX; > 0,

aPy > Pyi1 & aPy—Pyi >0

& ol - PPy P >0
(Py'? Py Py %) <
(Pn1Pyh) <«

DY
ENDY

where A(-) denotes the maximum eigenvalue. Hence, an = A(Py11Py").

Remark: The parameter ay is a measure of the maximum ratio by which the finite horizon
cost may increase with the addition of a single step. That is, another characterization of ap
is ay = max(Jyy1(z)/Jy(z)). This parameter can be used to characterize monotonicity, for if
an < 1, then this implies that the finite horizon costs are decreasing as the horizon N is increasing.
By arguments in the previous subsection, stability is immediately implied. On the other hand, if
apn is not less that one, it still provides an appropriate measure of the amount by which the finite
horizon costs may increase, which is exactly the information needed to bound the second term (12).

An important property of ay is stated in the following proposition.
Proposition 4.2

lim ay =1.
N—o0

Proof: Immediate since Py — P. |

The second parameter related to equation (10) is defined as follows:

Definition 4.2

pn = max{p:z" Qx> pJy(z), Vz}
= max{p:Q > pPy}



Remark:  Similar considerations to those given above show that py = AQPy') where A(})
denotes the minimum eigenvalue.

Remark: Note that py determines a lower bound for the first term in (10) in terms of the finite
horizon cost Jy:

27 Qz + vl Ru > pNJIN(z).
It is also easily seen that py is the minimum ratio of z7Qz to Jy(z). Finally, note that since

Py > @, pn is always less than or equal to 1 and strictly greater than 0.

The main results presented in this paper follow from simple applications of the main idea, as
presented in equation (10), using the parameters ay and py as defined above, to bound terms.
4.3 Main Results

In the subsections that follow we present the main stability and performance results which provide
sufficient conditions for stability as well as performance bounds for the infinite horizon cost of the
RH policy, without any special requirement on the terminal weight 7. As will be shown later,
these theorems provide a framework in which the majority of previous results can be viewed as
special cases.

4.3.1 Stability

Consider the receding horizon policy (8) based on the finite horizon cost (5).

Theorem 4.1 Let N be such that
v =an-—1(1 —pn) < 1

then the receding horizon policy Gn(-) is stabilizing, and Jy(-) is a Lyapunov function for the
closed-loop system with

In(z(k + 1)) < ynJIn(z(k))

Proof: Let z(k) and u(k) be the state and control trajectory, respectively, resulting from the
receding horizon policy

u(k) = an(z(k)).
For any k € Z7,
In(z(k)) = 27 (k)Qz(k) + uT (k) Ru(k) + Jn_1 (z(k + 1)). (13)
Therefore,
In((k) = In(e(k+1)) = 2" (k)Qz(k) + u" (k)Ru(k) + Iy1(z(k + 1)) — Jn(a(k + 1))
+

a! (k) Qe (k) + u” (k) Ru(k) + a;_l In(a(k+1)) = Iy (z(k +1))

In(z(k+1)) = In(z(k + 1))

v

Y

pn I (z(k)) +

aN-1
Collecting Jy(z(k)) terms on the left, and Jy(z(k + 1)) on the right gives:
1

GN-1

(1—pn)JIn(z(k)) >

In(z(k +1))



Multiplying by ay—_1 gives:

—1(1 = pn)In(z(k) = In(z(k +1))

which completes the proof. |

Remark: Note that since py — A(QP™!) > 0, then by Proposition 4.2, there always exists a
finite N such that vy < 1. Furthermore, vy is computable through finite horizon computations
only.

Remark: Just as ay and py can be interpreted as ratios of costs, it is clear that vy is in fact
an upper bound for the ratio Jy(z(k + 1))/Jn (z(k)).
4.3.2 Performance

Now we will derive bounds on the performance achieved by a stabilizing receding horizon policy.

Theorem 4.2 Let N and vy be as in Theorem 4.1. Denote the infinite horizon performance using
the receding horizon policy u(k) = Gn(x(k)) by:

=Y o (k)Qu(k) + ay (z(k)) Rit(z(k)) (14)

k=0

Then a bound for the infinite-horizon performance is given by:

Jax (5(0)) < PrJn (2(0)). (15)
where 0 )
Py = <1+ <max{ ON1 }) N ) (16)
aN-—1 1 —n
Proof: Bounding the cost term-by-term gives the following. First,
2" (0)Qz(0) + v (O Ru(0) = Jn(2(0)) — Iv_1(z(1))
= JIn(2(0)) = In(z(1)) + In(z(1)) = In-1(=(1))
< Iw(2(0) — Iy (a(D) + Inla() ~ —— Tx(x(1)
. aN—1
< Iw(@(0) = In(z(1) + (5557) In(a(1)

Similarly,
2T (1)Qz(1) + v’ () Ru(l) < Jy(2(1)) — In(2(2)) + (222 Ty (2(2)).

By a summation of corresponding bounds on 7 (k)Qx(k) + u” (k) Ru(k) we obtain the following:

Zx (k) Ru(k) < Jn(2(0) + (%554 ZJN

IA

In((0)) + (mexieammy ”)ZJN

AN-1

< (1+(%%7%ﬂ1—”)zk:m>m (0))
_ (1+(maX{OQN i 1}) WYy (z(0)),

QN -1 1—yn

7



Remark: Note that if ay_1 < 1, then Py = 1 and the above bound reduces to Jy, (z) < Jy(z).
This is implied by a monotonically non—increasing cost Jy (or equivalently Py ).

4.3.3 Reformulation of Main results

The results presented in Theorems 4.1 and 4.2 provide a general theory for the performance and
stability analysis of finite receding horizon LQ control for any initialization (terminal weight) of the
RDE, Fy. In fact, these results used virtually none of the special structure present in L.Q optimal
control. They provide the framework for extending the above results to constrained finite RH L.Q
control, as well as to other more general systems.

Recall that the parameter vy provides only a sufficient condition for Jy to be a Lyapunov
function. By using the fact that in the LQ case the RH controller can be characterized in closed form
as given in (9), we may actually check ezactly whether Jy is a Lyapunov function. Additionally
this allows us to relax the assumption that ¢ > 0, and include semi-definite () with [Ql/ 2 A
observable.

Theorem 4.3 Let N be such that Py > 0 and
Cv = A ( V(A4 BEN)T Py(A+ BKy)Py 1/2) <1 (17)
where K corresponds to
an(k) = =(BTPy_1B + R)"'BT Py_ 1 Ax(k) = Knxz(k).

Then the receding horizon policy tn(-) is stabilizing. Furthermore, Jy(-) is a Lyapunov function
for the closed-loop system, so that

In(z(k +1)) < (vIn(z(k)).

Proof: Let z(k) be the state trajectory resulting from the receding horizon policy
an(z(k)) = Knz(k).
Then,

2T (k) Py (k) — T(k +1)Pyz(k + 1)
w" (k) Pyz(k) — 2" (k)(A + BKN)" Pn(A + BKy)x(k)
xT(k) (Pv — (A+ BEn)'Py(A+ BEy)) z(k)

In(z(k) = In(z(k+1)) =

Il

Il

v

v1/2 (Py — (A+ BKy)'Py(A+ BKy)) P 1/2> In(z(k))

(I Py (A+ BEy)TPy(A+ BEy) Pyt >JN(x(k))
= [1=-X(Py"*(a+ BEN) Py(A+ BEN) Py )| Iyl (k))

where we have used arguments similar to those in Section 4.2. Rearranging terms completes the
proof. B



Remark: Since {y provides an exact test of whether Jy is a Lyapunov function, {5 may be
thought of as the following quantity:

(v = min{¢: (Jn(z(0)) = Jn(z(1)), Vz(0)}

or as (n = maxy(g)(Jn(z(1))/Jn(2(0))). Showing that (y may be calculated from the eigenvalue
formula in Theorem 4.3 is little more than an application of the remark after Definition 4.1 which
showed that an could also be characterized by an appropriate eigenvalue computation.

Remark: Clearly, Theorem 4.2 is applicable to the above result by replacing vy with (x in
equation (16). When we need to distinguish between using vy and (n in (16), we will write P7
and PS¢, respectively.

4.4 Using Jy_; as a Lyapunov function

As was done with Jy, it is also possible to use Jy_1 as a Lyapunov function and obtain results
analogous to those in Theorems 4.1, 4.2, and 4.3. For completeness, we also present this construc-
tiomn.

Consider using Jy .1 as a Lyapunov function,

Ina(@®) = Iy-a(@k+1) = JInoa(e(®) = Un(o(k) — @7 () Qa(k) + in(@(k) R (2(k)))]
= [T (6)Qa(k) + in(a(k) Rin (k)] + [n1(e(k) = n(a(k))]
>0 7 (18)

Similar arguments to those given in Section 4.1 apply.
The following theorems paralleling Theorems 4.1, 4.2, and 4.3 are now easy to prove:
Consider the receding horizon policy (8) based on the finite horizon cost (5).

Theorem 4.4 Let N be such that

N =any-1—pN-1 <1

then the receding horizon policy Gy (-) is stabilizing, and Jy_1(-) is a Lyapunov function for the
closed-loop system with

T

JN_I(:E(k + 1))

A

ANIN-1(z(k))

Proof: See Appendix A. B

Theorem 4.5 Let N and ¥n be as in Theorem 4.4. Using the receding horizon policy
u(k) = dn(z(k)),
a bound for the infinite-horizon performance is given by:
Jay (2(0)) < Py Jn—1(x(0))

where

Py = (1 + (max{0, an-1 — 1}) jw) (19)



Proof: See Appendix A. B

Theorem 4.6 Let N be such that Py_; > 0 and

= ~( p=1/2 T —1/2

Ov =X (Py (A + BEN) Py (A + BEN P ) <1 (20)
where Ky corresponds to

an(k) = —(BTPy_1B + R)"'BTPy_, Ax(k) = Kya(k)

The receding horizon policy Gy (-) is stabilizing. Furthermore, Jx_1(-) is a Lyapunov function
for the closed-loop system, so that

In_1(z(k + 1)) < vyt (z(k)),

Proof: See Appendix A. |

4.5 Discussion of Results

Before proceeding, we take a moment to review the previous theorems. A summary of the notation
used in the stability results is given in Table 1. The theorems rely on using either Jy or Jy_| as a
Lyapunov function. Note that parameters with no tilde correspond to Jy and those with tilde to
Jy—1. Furthermore we differentiate between results that did not use the specific structure of the
control u, which have parameters vy or ¥y, and those that used u to ezactly determine whether
Jy or Jy_1 was a Lyapunov function and are denoted by (x and 5 ~- In all cases, a sufficient
condition for stability occurs when the corresponding parameter achieves a value less than 1.

Table 1
H ! without u ! exact H
Jn Thm. 4.1 | Thm. 4.3
YN (N
Jy-1| Thm 4.4 | Thm. 4.6
IN {n

Table 1: Stability Theorems

Furthermore, we would like to note the following. Recall that J denotes the optimal infinite
horizon cost for the LQ problem (cf. eqn. (2)), Js, is the infinite horizon cost of the RH policy
(cf. eqn. (14)), and Ju is the optimal cost of the finite horizon LQ problem (cf. eqn. (5)).

e If the finite horizon costs Jy are monotonically non-increasing (i.e. ay < 1), then Py =1
which leads to the following bound (c¢f. Thm. 4.2):

J(#(0)) < Jay (2(0)) < In((0)). (21)

10



e If the finite horizon costs Jy are monotonically non—decreasing, then we know that Jy (z(0)) <
J(z(0)). Combining this with the bound from Theorem 4.2, gives:

In(2(0)) < J(2(0)) < Jay (2(0)) < Py Jn(z(0)) (22)

Hence, it is possible to determine that the infinite horizon performance of the finite RHC is
within specified bounds of the optimal performance, by performing the finite horizon calcu-
lations of Jy(z(0)) and Py only.

e In general, the approach using Jy as a Lyapunov function gives less conservative stability
results and tighter performance bounds than the results of Section 4.4 which relied on Jy_;.
Results concerning this can be found in Appendix B.

e Recall that ¢y and ¢ provide exact tests of whether Jy and Jy_, respectively, are Lyapunov
functions. Clearly these are only sufficient tests for stability and, as will be seen in the
examples, a gap may exists between the horizon length at which the RH policy is stabilizing,
and when Jy or Jy_1 is sufficient to act as a Lyapunov function and guarantee stability. On
the other hand, one might question the performance properties of a control action obtained
by minimizing Jy, but that does not cause Jy to decrease along its trajectories (i.e. Jy is
not a Lyapunov function), even if it is stabilizing. Hence, it could be argued that it is only
reasonable to use horizons for which Jy is a Lyapunov function, which furthermore allow for
explicit bounds on performance through Theorem 4.2.

Finally, it is worthwhile to mention that the ideas presented here can be naturally generalized
to constrained linear and nonlinear systems. These results will be presented in a following paper.

5 A Unifying Framework for Stability Analysis

As was clearly shown in the previous section, since it relies neither on monotonicity, nor end
constraints, the finite RH LQ approach provides a general framework for stability and performance

analysis. Moreover, it can be considered as a unifying approach which presents a general picture for

understanding all previously established stability results. In what follows, the relationship between
different stability approaches will be explored in detail. It will also be shown that all other stability
approaches can be obtained as special cases of finite RI LQ) control.

5.1 Previous results: Monotonicity as an underlying principle

The concept of monotonicity as a key to determining the stability of RHC is an idea which underlies
the majority of previous results. Both the finite horizon result using end constraints [9, 10, 3, 7]
and the infinite horizon approach [13] can be viewed as different methods for choosing the terminal
weight Py so that Jy (or equivalently Py) is monotonically non-increasing (i.e. ay < 1), which
trivially guarantees stability as described in Section 4.1.

5.1.1 Finite Horizon Approach

Results concerning the stability of finite horizon based RH control for linear systems with quadratic
costs have, to date, been primarily based upon the use of end constraints. These end constraints
typically consist of forcing the entire state to zero at the end of the prediction horizon (z(k+p) = 0).
Despite the fact that these constraints guarantee asymptotic stability of the finite horizon based

11
















































